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THE DIFFERENTIAL CALCULUS. 


CHAPTER I. 

DEFINITIONS AND FIRST PRINCIPLES. 

(1 .) By means of Algebra we investigate the various numerical 
and s\Tnbolical relations subsisting amongst fixed quantities, 
some of which are known and others unknown, the ultimate 
object in general being to evolve the unknown values, or to 
express them in tenns of those which are known. 

In the Differential Calculus certain values or quantities 
related to each other are supposed to continuously increase or 
decrease in value, and our object is to investigate the relations 
subsisting amongst the corresponding changes that take f)Iace 
in their values when those changes are indefinitely diminished. 
Although the changes themselves arc supposed to be infinitely 
small, it will be found that the ratios which these changes 
bear to one anotlier arc usually finite and appreciable, and 
therefore suitable subjects of investigation. 

(2.) The sjTTibols which enter into the operations of the 
Differential Calculus are of two kinds, representing constant 
quantities and variable quantities. 

A constant quantity is one which retains the same deter- 
minate value, tliis value being unaffected by the snpjiost'd 
changes in other quantities. 

A variable quantity is one which admits of a succession of 
different values. 

(3.) A variable quantity varies continuously when in changing 
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from one value to another it passes through every intermediate 
value. For example, if a point be supposed to move along a ^ 
curve line it will do so continuously, since in moving from one 
position to another it must have passed through every inter- 
mediate point. It follows therefore that quantities which vary 
continuously may be supposed to increase or decrease by very 
small variations, caf»able of being diminished to any extent. 

(4.) i\ function is any analytical expression involving one 
or more variable quantities, and is usually called a function of 
the varialjlc quantity or quantities which it contains. Thus 
x'^ + n Xy ^ a“ — x‘^ arc functions of x, and ax + by, 

X' -f y-’ 4- ary arc functions of x and y. 

Functions arc frequently denoted by prefixing one of the 
ebaracters F, /, </>, V'j &c. to the variable or variables, and for 
brevity they are sometimes indicated by a single letter. 

Functions arc the same in form when the quantities are 
involved in the same manner. Thus x'^ ax is the same 
function of x that + ay is of y ; and supposing F to be the 
characteristic of x- -h ax, that is, supposing x- + ox to h 
indicated by Fx, the expression y^~^ay will be similarly 
indicated l)y Fy. In like manner if x‘^ 4- y**^ -f xy be re- 
presented by / (x, y), the expression -|- e* 4* wc would l)e 
denoted by / («, r). 

Functions which, in a finite numt>er of terms, involve the 
ordinary algebraical operations of addition, subtrarrtion, multi- 
])licalion, division, involution and evolution, are called Jlye- 
braical Functions. According to this definition, ax b, 

(« - O * 7 (a* - 4* + x“)i 

0 * — o 4- X 

and all expressions belonging to pure Algebra, are algebraical 
functions. 

Functions which do not exhibit tlie ordinary algebraical 
operations and which do not admit of being so expressed in 
finite terms, are called Transcendmtal Functions, Thus a*, 
log X, sin X, are transcendental functions ; the first being 
exponential, the second logarithmic, and the third trigono- 
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metrical. There are other transcendental functions besides 
these, arising out of certain special researches, but it will not 
be necessary to particularize any of them here. 

(5.) When a variable quantity x is assumed to pass to another 
value, the amount of change or the difference between the two 
values is called an Increment or Difference. Similarly the 
difference between the two corresponding values or tlie cor- 
responding change that takes place in the value of any 
function of x is the increment or difference of the function. 
These increments are usually denoted by prefixing the symbol 
A. Tims Ax, A (/x) are simultaneous increments of x and 
fxy the corresponding new values being x + Ax and /(x -f Ax) 
or /x-f-A(/x). When a value becomes decreased by the 
supposed change, the increment is to be understood as having 
a negative value. 

(6.) Let « =/x denote a function of a variable quantity x. 
Suppose X to receive a small increment Ax so as to become 
of the value x -f Ax, and let the corresponding value of u be 
%ipposed to be « -f Au =/(x -f Ax). Let the binomial 
function / (x + Ax), when expanded in terms involving the 
integral powers of A x, be also snj)[)osed to give 

tt + A« = /(x -f Ax) — f X -h r Ax -f Q Ax^ 

+ Rax3 + (1) 

in wiiich P, Q, R, &c. arc new functions of x, independent of 
Ax, and owing their forms entirely to that of fx\ also Ax is 
to be regarded as a single symbol, so that Ax^, Ax®, &c. 
indicate (ax)^, (ax)®, &c. From this and the initial equation 
u = /x, we deduce 

AM = P Ax -f Q Ax^ -f R Ax® -f- &c (2) 

and this value would represent the difference or increment of 
the function u according to the theory of Finite Differences. 

We have also, dividing by Ax, 
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Each step in this deduction, including the division hy aj?, 
is free from ambiguity when Ajr is of any value, great ^ 
or small, positive or negative ; but the result has no 
intelligible signification when Ax is zero, for as soon as Ax 
absolutely vanishes, we immediately lose all idea of quantity 
on the left-hand side of the equation, and the fraction 

takes the singular and indeterminate form As, however, 

the e(juation must obviously hold for every other value ex- 
cepting Ax = 0, we may take Ax extremely small, and it still 
will be strictly true for every value between that and zero ; and 
as there is no symbol of discontinuity on the right-hand side 
of the equation, we may, by applying the principle of continuity 
to the fraction, include the existence of the equation, when Ax 
actually vanishes. Thus we should have 

~ (when Ax = 0) = II = P . . . . (4) 
and the coefficient P will therefore represent the limiting 
value of the fraction when ak and Ax simultaneously^ 

vanish ; and here we must not overlook the implied condition 
that the particular value thus assigned to the vanishing fraction 

when it reaches its indeterminate state is determined by a 

consideration of its successive values and is that which obeys 
the continuity existing amongst all the other values as Ax 
continuously diminishes from a small position to a small 
negative value. Tliis condition of continuity forms the basis 
of what is usually called the “theory of limits” or of “limiting 
ratios,” and should he well understood by the student, who 
will afterwards not experience any difficulty in acquiring a 
true conception of the first principles and objects of the Calculus. 

The equation (3) has been made to merge into the equation 
(1) by supposing the increments An and Ax to absolutely 
vanish. It is evident that the former equation will assimilate' 
to the latter to any degree of nearness by conceiving the values 
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of ^u, AX to diminish, and that they will be indefinitely near 
^ when AX is indefinitely small. In order therefore to impart 
some tangible signification to the symbols on the lefl-hand 
side of the equation (4), the values of Au, Ax, instead of being 
absolute zeros, are supposed to be extremely small quantities 
having the same ratio to each other as the limiting ratio ex- 
pressed by the equation, and they are then designated by du, 
dx. The equation is therefore stated as follows : 



(5) 


The indefinitely small quantities du^ dx^ thus related, are 
called the dij^ermtiah of v and jr, so that Pdi* represents the 
value of the diflTerential of the function u \ and from what lnis 
preceded it is evident that the smaller dx is conceived to 1)0 ns 
a change in the value of jr, the more nearly will du assimilate 
to the actual corresponding change in the value of u. 

The quantity x which is first supposed to vary and on the 
differential of which other differentials are thus made to depend 
is called the independent variaUe. 

The coefficient P is called the diJTvrential enefficieni of the 
function w, with respect to x, becnjise it is the coefficient or 
multiplier of the differential dx which determines the dif- 
ferential of the function. 

The student will ol)serve that in the (’alculus the letter d is 
not in any case employed as it may be in Algebra, to rcjvrcscnt 
quantity or value. In this sense it has no isolated signification, 
and it is never used excepting as the symbol of operation w hich 
characterizes the differential of the variable to which it is 
immediately prefixed. 

(7.) The {H'culiar difficulty in the preceding deductions is pre- 
cisely analogous to that which occurs in conveying an adequate 
idea of the measurement of the velocity of a body when that 
4^ velocity is continuously variable. When the velocity is uni- 
form, the space and time will vary proportionally, and tlie 



6 


THE DIFFERENTIAL CALCULUS. 


velocity will be correctly represented by the ratio, or fraction, 

space described 
time of describing it 

which ratio, or fraction, will preserve the same value whether 
the space and corresponding time be taken great or small. 
But when the velocity is variable it is obvious that the above 
fraction cannot accurately define its value at the point from 
which the space is supposed to be measured, because the 
space, however small, will then be described by a continuous 
succession of different velocities. It is however evident that 
the smaller and smaller the space and time are taken, the 
closer will their ratio approximate to the true velocity, and 
that the diminishing error of such approximation will become 
completely exhausted when we take the limiting ratio as the 
quantities arc siii)posed to vanish. The velocity of the body 
at any point is therefore represented with rigorous exactness 
by the limiting value of the above fraction when it takes the 

form And thus by analogy the differential coefficient of 

any function might be defned to be the velocity with which it 
increases when the independent variable varies uniformly at a 
rate, to be taken as tlie unit of measurement. In the geo- 
metrical application of this idea, which was the origin of Sir 
Isaac Newton’s method of fluxions, a line is 8up|K)sed to be 
generated by the motion, or flowing, of a point, a surface is 
supposed to be generated by the motion of a line, and a solid 
by the motion of a surface. It should be observed however 
that OUT preconceived notions as to the estimation of velocities 
of movement, though serving the juirpose of illustration, are 
not sufficiently elementary to be made the basis of a branch of 
pure science. 

The particular considerations under which the equation (2) 
has been converted into the differential equation (5) conduct 
us to the ingenious theory propounded by Leibnitz, called the 
theory of inflnitcsiinals, the principles of which may now be 
briefly explained. 
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(8.) Before entering upon this part of the subject it should 
6rst be premised that the phrases ‘^infinite number’* and “infi- 
nitely small quantity,” which embody the principal objects of 
our reasonings, are to be understood as having only a relative 
signification, since all operations connected with them in the 
literal or absolute sense of the terms are inconceivable. Thus 
an “infinite number” is to be considered in a qualified sense 
as infinitely great in comparison with any finite number ; and 
an “ infinitely small quantity ” is also to be relatively con- 
sidered as infinitely small in comparison with any finite 
quantity. 

If any finite quantity be supposed to be divided into an 
infinite number of jMirts, each part will be infinitely small and 
is called an injinitenmal^ because an infinite number of these 
is required to make up the finite quantity ; it is also when 
compared with other infinitesimals said to be of the first order. 
By supposing one of these infinitesimals to be similarly divided 
into an infinite number of smaller parts, each of these is called 
an infinitesimal of the second order, and an infinite number of 
them will be required to make up an infinitesimol of the first 
order. In like manner by supposing each successive infini- 
tesimal to be divided into an infinite number of parts, infini- 
tesimals of still higher orders are obtained. 

The same process also leads us to the conception of different 
orders of infinities, the word infinity, as before, having only a 
relative and qualified signification. Thus the number of 
infinitesimals of the first order contained in the finite quantity, 
vix. the infinite number of parts into which it is divided, is an 
infinity of the first order ; the number of infinitesimals of the 
second order contained in the finite quantity is an infinity of 
the second order, &c., &c. It is evident therefore that infini- 
tesimals and infinities, of the same order, are reciprocally 
related, since the one multiplied by the other produces the 
finite quantity. Sometimes an infinitesimal is called an 
“element” of the integral or finite quantity of which it forms 
a part. 
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Eeferring to the equation (2) in which x, as usual, is sup. 
posed to represent an arithmetical value, we may assume' 

r= N denoting any number or numerical value. When 


N is a large number, Ax becomes a small quantity, and a term 
Tax which involves its first power is in such case usually 
called a small quantity of the first order with respect to Aj; 

which involves the second power is of a still smaller 
scale of value, and is said to be of the second order with respect 
to Ax ; R Ax^ is called a small quantity of the third order with 
respect to Ax^ &c. If N be supposed to be an infinite 
number, Ax will become an infinitesimal, and denoting it by 
dx, we have 


Tdx 


Qdx^ 





Qdx 

N 

Rdx^ 

N 


SiC. &C. 


Hence as P, Q, R, &c. are supposed to be finite coefficients, 
it follows, according to the preceding definitions, that the 
terms Vdx, Qdx'^, lldx^f Sic. are infinitesimals severally of 
the first, second, third, &c. orders. 

By supposing the luunher of parts into which the finite 
quantity is divided to be progressively augmented, the cor- 
responding infinitesimal will become diminished, and in the 
extreme case the quantity may be assumed to be divided into 
an infinite number of parts, in the absolute sense of the term, 
in which case it is easy to conclude that each of the parts 
must become ultimately zero. In thus proceeding to the 
extreme case, the nature of the reasoning is in effect the same 
as that employed in deducing the limiting ratio or ultimate 
value of a vanishing fraction. The laws of infinitesimals are 
also founded upon this extreme case, and their operation is 
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always exact, for this simple reason, that the extreme limit 
= 0 is, in all mathematical investigations, understood to 
be applied to the final result of infinitesimal deductions. These 
laws are as follows : 

I. In any equation containing terms of finite value, other 
terms which represent infinitesimal quantities may be omitted; 
because in the extreme case these infinitesimals become absolute 
leros. 

Thus in equation (3) when Aar, Aw become infinitesimals 
denoted by dx, duy the fraction ^ being not necessarily an 
infinitesimal, the equation, according to this rule, becomes 



being in fact the same as the extreme limit of the equation 
before expressed in (4) or (5). 

II. In an equation containing infinitesimal quantities of any 
order, all infinitesimals of higher orders may be omitted. 

For example, in the equation (2) if Aj- become an infinitesi- 
mal dx, the terms du, V dx will be infinitesimals of the first 
order, and the other terms will be infinitesimals of higher 
orders. Therefore, omitting these, the equation will become 

du = Vdx, 


Tliis cndently follows by first deducing the ecjuation (3) and 
then taking the extreme limit as before. 

III. In comparing two infinitesimal quantities, if they are of 
the same order they will have a fijute ratio to each other, but 
if of different orders the ratio will be cither zero or infinity. 

For example, let \dx”', Bdx*” be two infinitesimals, both 
of the mth order with respect to dx, then 


A dr*" _ A 
Bdr* ~ B 


a finite ratio. 


Again, let Adjr'"'*^", Bdx'" be two infinitesimals of the 

A 5 
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(m+>i)th and mth orders respectively, then 
A{£r"»+" Adx" 


B cCr*" 

Bdx* 

A(ir”‘+" 


B 


-> an infinitesimal of the nth order. 


B 


Adi:« 

and, at the extreme limit, these become 


an infinity of the nth order; 


Ad:r”*+" 
B cir’” 


= 0 


Beir«* 

A(ir«+* 


(9.) Tlie method of determining the position of a tangent 
to a plane curve supplies an elegant geometrical elucidation of 
the signification of the differential co- 
efficient of a function. Let A P B be 
a curve line ; P a point in the curve 
the coordinates of which are A D = x, 

D P = y ; Q another point in the curve 
the coordinates of which are A D' = x 
-f-Ax, iyQ = y -HAy; and supjwise the curve to be deter- 
mined by an equation of the form y = /x, any function of x. 

Then from what precedes, 

Ay = P AX + Q Ax* -f R AX* + &c. 

— ^ = P -p Q ^ j -p R ^ X* + &c. 

Ax 



In the diagram, Ax = P G, Ay = G Q, and therefore 
= tan Z- « P G. Consequently 

tan Z. s P G = P + Q AX -P R AX* -P &c (a) 

From this equation wc infer that if ax be taken less and 
less towards zero, the value of tan sPG will approximate to 
the differential coefficient (P) as its utmost limit. For the 
geometrical limit of the angle a P G, as Ax decreases, we may 
suppose the jiciut Q to approach nearer and nearer to the 
point P, and watch the progress of the line ra which passes 
through them, or we may suppose the line ra to tom 
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gradiudlT^ about the fixed point P, so that the intersection Q 
shall proceed towards P. The former of these suppositions 
will lead ultimately to an indeterminate result, whilst the 
latter will proceed at once to the extreme limit. Thus on 
the former supposition, when the point Q finally arrives at the 
point P, and the two points become one, it is evident that an 
indefinite number of lines can be drawn through them, and 
therefore that the position of the line r a is so far indetermi- 
nate. But on the other supposition, if the motion of r a be 
conceived to cease the instant the point Q arrives at the point 
P, it will then assume the position of the tangent R S> which 
touches the curve at the point P ; and this is obviously the 
only position which can obey the law of continuity amongst 
the positions that precede it. If we now suppose the motion 
of r a to continue onward, it is evident that it will begin to 
intersect the curve on the other side of the point P, or between 
P and A, and that the positions will then have reference to 
negative values of A x. The line r 8 will thus pass through a 
continuous series of positions as A ar gradually diminishes from 
positive to negative values ; and when Ax = 0, though the 
position, as depending on the two points through which it has 
to pass, is then indeterminate, yet the position R S is the only 
one that can partake of the continuity existing amongst all the 
others, and the angle SPG is the only one that can partake of 
the continuity existing amongst the preceding and following 
values of tliat angle. Now, according to the equation (a), the 
series 

P + Q Ax -h Rax* -I- &c. 

strictly corresponds with the value of tan « P G for every value 
of Ax except zero; and hence as the values of this series as Ax 
passes from positive to negative values are wholly continuous, 
and consequently, when A x = 0, the first term P partakes of 
that continuity, it is conclusive that 

tanSPG = P= ^ 

Xf 


09 ) 
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which may be either considered as a fraction whose numerator 
and denominator arc the differentials of the ordinates, or the 
differential coefficient of y considered as a function of x. 

By this result it is evident that the differentials of the ordi- 
nates X, y may be relatively conceived as represented by two 
small coordinate lines Pm, mp terminating in the tangent at 
a contiguous point p. 

(10.) After what has now been explained the student will 
not fail to observe that the leading principle of the Calculoa 
arises out of the following considerations : 

"When a fraction, which in a particular case takes the inde- 
terminate form expresses the value of a quantity which we 

have reason to know from the nature of the subject does not 
become discontinuous in that case, or generally when such a 
fraction enters in any equation, the other terms of which are 
not discontinuous, the fraction is, under such circumstances, 
necessarily limited to continuous values, and consequently, 
when the numerator and denominator vanisli, it must take the 
particular limiting value assigned by the law of contmuity. It 
is on the ground of continuity alone that the mathematical 
accuracy and logical rigour of the principles and appUcations of 
the Calculus may be considered to rest. The fundamental 
principle of our operations, according to the theory of limits, 
consists in this, that if the increment of a function be divided 
by the cor res jwn ding increment of the independent variable, 
then as the increments are taken less and less towards zero, so 
will the quotient approximate in value to the differential co- 
efficient as its utmost limit. Thus the differential coefficient 
is that particular value of the vanishing fraction which con- 
forms to the law of continuity amongst the other values : and 
since this is the identical value of the fraction, which always 
enters as the subject of investigation, the truth of the principle 
on which the C^alculus is applied, in the case of limits, may be 
regarded in the strictest sense, and at the same time rendered 
dear and satisfactory to the understanding. 
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(11.) There is yet another mode of laying down the first prin- 
ciples of the Calculus, which, at the onset, has the advantage of 
obviating all considerations of infinitesimals and limiting ratios, 
so as to bring the subject within the scope of ordinary Algebra. 
This method, commonly called “ the method of derived func- 
tions,** is presented by Lagrange in his ‘ Th^rie des Fonctions 
Analytiques,* and the investigations, which in their nature are 
purely algebraical, are at the same time elegant, systematic and 
logical. In substance this method is equivalent to the following : 

Let h denote a small accession to the value of a variable 
quantity x which thereby becomes of the value j -f A ; and 
suppose the binomial function f {x -|- A), when developed 
according to the powers of A, to be as in equation (1), viz. : 

/(x + A) =/x + PA 4- QA^ + RA» + he. 
in which P, Q, R, &c., as before, denote new functions of x 
whose forms depend wholly upon that of f x. 

Then the coefficient P, which is identical with the differen- 
tial coefficient, Lagrange defines to be the first derived func- 
tion ; he designates it by /'x, and obsenes that it is quite 
independent of the value of A. By treating the derived 
function f 'x in the same manner, tliat is, by expanding 
f'{x + A) and again taking the coefficient of A, a second derived 
function, designated by f'x, is obtained; and this process is 
further supposed to be successively repeated to third, fourth, 
&c. derived functions. 

(12.) These definitions being premised, the more immediate 
objects of the calculus of derived functions are : 

1 . The form of any function fx being given, to dt‘termine 
the forms of the derived functions, and to effect generally the 
form of the development of the binomial function /(x + A), 
with other problems relating to the expansion of functions. 

2. Tlie form of a derived function being given, to find 
that of the original or primitive function, &c., &c. 

The problems comprised in the first of these are equivalent 
to those of the Differential Calculus ; and those of the second, 
which refer to the inverse operations of the Calculus, are in 
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effbct the same as the inTerse processes of integrating differen- 
tials and differential equations in the integral Calculus. And 
these abstract analytical problems, which embody the essential 
principles of the Calculus as an instrument of inTestigation, are 
thus established without introducing any ideas relating to 
infinitely small quantities or limitmg ratios, all considerations 
of small quantities being in fact deferred to their legitimate and 
inevitable occurrence when we come to the actual applications 
of the Calculus to the various geometrical and physical subjects 
which arise in the different branches of mathematical science. 

We have here given a brief exposition of the fundamental 
principles according to different methods of treatment, because 
a knowledge of each of these will be necessary to enable the 
student eventually to acquire a thorough command of the 
powerful resources of the Calculus. After a little experience 
he will not fail to discover that the collective reasonings em- 
ployed in these methods are substantially alike, and that they 
in reality constitute the same grand unique system of deduction, 
only exhibited under different points of view or modified for 
the purpose of more immediate adaptation to particular objects 
of investigation. 

(13.) Before entering upon the manual operations of the 
Calculus or discussing the practical methods of differentiating 
functions, we shall here concisely repeat those preliminary 
ideas respecting the operation of differentiation, which should 
in the first place be distinctly impressed upon the mind : 

If, when the variable quantity x increases by an increment 
ATt a function b or /x increases by am or A (fx ) ; then the 
“differential coefficient” of the function is determined by 
ascertaining the ultimate ratio of the increments, or the limiting 


continuous value of the fraction 


increment fimction 
increment variable 


Ax 


or 


Ax 


when the increments are supposed to vanish, and this 


differential coefficient b symboUzed by 


sometimes more briefly by m' ot / x . 
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If we further suppose the expansion of the binomial function 
f{x -f- A x), according to the ascending powers of Ax, to be 

/(x -f Ax) =/x 4- PAx -h Q Ax* 4* &c.; 


then the coefficient P of Ax, exhibited by the second term, 
will also be the differential coefficient of the function / (x) ; 
that is. 


^ nr 

dx dx 


= P. 


In these relations du and dx may be regarded as simulta- 
neous infinitesimal increments of u and x ; but this idea is not 

always necessary, because ~ may be either considered as a 

fraction determining the ultimate ratio of two infinitesimals or 
as an abstract symbolical representation of the coefficient P, 
according to the nature of the investigation. 

The following examples, in which the differentials are deter- 
mined from first principles, will practically explain their 
operation. 

Example 1. — Let « = x* ; then, as the equation is general 
for all values of x, when x becomes x 4- Ax it will give 
(« 4 A«) = (x 4 Ax)* = X* 4 2x Ax 4 Ax*. 

From this take away the first value w = x*, and we get 
« An 

Atf = 2xAx4Ax* — =2x4 Ax. 

AX 

This last equation is accurately true fbr all values of Ax, 
however small, and the value of 2 x 4 Ax on the right- 
hand side, will evidently change continuously as we suppose 
Ax to continuously diminish and ultimately to vanish. Hence 
making A x = 0 and taking the hmiting value of the fraction 

denoted by we obtain 


— = 2x or<ftt = 2x dx, 
dx 

which is the differentia] of the proposed function u = i 
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Example 2. — Let « = 4- 3a*x ; then, when x becomes 

X + Ax, 

u + Au = (j? -f- Ax)* 4" 3 (x + Ax) 

= X* 4- Sa^x 4- 3 (x^ 4- a^) Ax 4- 3 X Ax* 4- Ax*. 
Reject tt = X* 4* 3a*x, and 

Au = 3 (x* 4- a*) Ax 4- 3 x Ax* 4* Ax* 

Au 

— = 3 (x* 4- a*) 4- 3x Ax 4- Ax*. 

Ax 

Hence, as before, making Ax = 0 and taking the limit, we 
get 

~ = 3 (x* 4- a*) or = 3 (x* 4- fl^) dx. 


Example 3. — Let u = ■ 


b — X * 


then « 4- A« = 


^ 4- ^ (x 4- Ax) 
6 — X ~ Ax 


— _ (a* + Ax 

A— -x — Ax b X — x) (6 — X — - Ax) 

Am __ q* 4- * 

AX (6 — x) — X — Ax)’ 

Therefore, at the limit, 

du o* 4- j «* 4" 6* 

^ ~ {b - ty ~ (6-1)2 


The process of finding the differential coefficient or the 
differential of any proposed function is called “differentiation,” 
and wc proceed in the following Chapters to establish the 
principal rules by which we are guided for the purpose of 
facilitating the actual performance of this operation on the 
differeut forms and varieties of functions. 
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CHAPTER 11. 


DIFFERENTIATION OF FUNCTIONS. 

I. Algebraical Functions. 

(14.) A constant quantity connected with a function by the 
sign of addition or subtraction will disappear after differen- 
tiation. 

Let « = P + c, P denoting any function of a variable x. 
When X becomes j -f Ajt, suppose P and u to respectively 
become P-}-aP, u + Au; then 


tt -H AM = (P + aP) + c. 

From this subtract m = P + c and there remains the in- 
crement Am = aP, 


^ Am aP f/w fi^P 

Therefore — = — and hence t" = j- 
Ax AX ax dx 


or // M = rf P, in which result the constant quantity c does not 
appear. 

(15.) A constant quantity connected with a function ns a 
multiplier or divisor will remain as a multiplier or divisor after 
differentiation. 

Let M = c P, P as before denoting any function of a variable 
x; then when m, P take the new values m Am, P -f- aP, 
we have 

M -b Am = c (P -b aP). 

From this subtract m = cP, and we get am = c aP 

. Am ^ aP 
Ax Ax 


„ du dV 

Hence ~ ^ or tf m = c dV. 

Similarly, if m = - , we find = 1 

' c dx c 


dV ^ dV 

— or cfM 

dx e 
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( 16 .) The differential of a function consisting of two or more 
terms, connected by the signs of addition or subtraction, is 
found by differentiating each term separately and collecting 
the results with their proper signs. 

Let tt = P±Q±R± &c., where P, Q, R, &c. are func- 
tions of X ; then when x takes the value jt + A jt, the function 
u will become 


tt -f Att = (P + aP) + (Q + aQ) ± (R + aR) + &c. 

From this subtracting the former value m=P + Q + Rj: &c., 
we get 

Au = aP + aQ + aR + &c. 

. AU aP aQ aR 

+ &c. 

Ajr Ax — AJ* Ax ~ 


Hence = 


du dV dQ dR , 

— • 4. ^ gic. 

dx — ax — 


dx dx 


or du = dP + dQ + dK ± &c. 

(17.) The differential coefficient of any constant power of 
the independent variable x is found by multiplying by the 
ex}>onent aud diminishing the exjionent by unity. 

Let u = X** ; then when x takes the value x -f- Ax, u -f Au 
= (x -f Ax)*. 

Au = (x -f- Ax)* — x". 

To find the value of am in powers of Ax it will be necessary 
to expand this binomial ; but the second term of this expansion 
will suffice for our present object, and this may be readily 
found by means of induction, independently of the binomial 
theorem. 

First, suppose the exponent « to be a positive integer. By 
multiplying successively by x Ax, disregarding the terms 
which involve the second and higher powers of Ax, and in- 
dicating those terms by + &c., we obtain 

(x + Ax) = X -b Ax 

(x -h Ax)* = X* -b 2 X Ax + &c. 
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• {x 4- Ajt)* = jr* -f 3 jr* A;r + &c. 

(x 4- Ax)* = + 4 jr* Aj 4 &c. 

&.C. &c. 

And generally, (x + Ax)* = x* -4 n x* “ * Ax 4 &c. 

The value of Ati is therefore of the form 

Att = «x"~ * Ax 4 Q Ax* 4 R Ax* 4 &c. 
where Q, R, &c. denote certain functions of x and ». Hence 

Au 

— = nx""* 4 Qax4R Ax* 4 &c. ; 

Ax 

and this equation is true for all values of A x. By proceeding 
continuously to Ax == 0 and taking the limiting value of the 
fraction, it ultimately gives 

^ = n X* “ * or du = n X* ~ * c/x. 
dx 

The same reasoning and the same result also obtain when x 
instead of being considered the independent variable is sup- 
posed to represent any function of another variable. 

Secondly, suppose the exponent to be a negative integer, 

or « = X - " i then « = —, « 4 Aw = , — ~ — — and 
x" (x 4 Ax)" 

1 I _ (J 4 Ax)"~x" 

(x 4 Ax)" x" x" (x 4 Ax)" 

_ nx*~*Ax 4 QAx* 4 R Ax® 4 &c. 
“* x" (x 4 Ax)** 

A» __ » X" * 4 Q Ax 4 R Ax® 4 &c. 

* ’ Ax x" (x 4 Ax)" 

By proceeding as before to the limiting value, this gives 

du ax"** * - , j « 1 j 

— =s — — = — «x“*“* ora«= — «x~"~* ox. 

dx X-*" 

Thirdly, suppose the exponent to be fractional, or u = 
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m 

t * ; then u* = jt”* and = 


n tt " ~ • 




If the fractional exponent be negative, or u = j ; then a* 
= X “ and nu*~>dtt = — rfx, which in the same 

d« m - , 

way gives ^ 

Tlie rule is therefore true for all powers, whether the expo- 
nent be positive or negative, integral or fractional. 

(18.) The differential of any constant power of a function 
is found by multiplying by the exponent, diminishing the 
exponent by unity, and finally multiplying by the differential 
of tbe function. 

Let tf = P", P being a function of x ; then proceeding as in 
article (17)i only substituting Pin place of x, we obtain 

= nP»-‘ an(ldii = nP»-‘<iP. 

As in the former case, this rule is also true for all powers, 
whether the exponent be positive or negative, integral or frac- 
tional. 

Cor. Hence also ™ = n P ~ ‘ ^ 
ax ax 

and du = « P * -r^ dx, 
dx 

(19.) The differential of a function consisting of two variable 
factors is found by multiplying each factor by the differential 
of the other, and adding together the two protliicts. 

Let M = P Q, the factors P and Q being functions of x. 
■When X becomes x -f Ax the corresponding values of i/, P, Q 
will be w -f Ak, P 4- aP, Q -f aQ respectively, and then 
•1 + Aa = (P -f aP) (Q -f aQ) = PQ + Q aP 

4- (P + ^P) aQ 
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am==Q AP + (P-h aP)aQ 


Att 

AX 




Hence, making tlie increments vanish and taking the limit- 
ing values, we get 

^ =Q^ + p4^ord« = QrfP + P<iQ. 

ax ax ax 


(20.) The differential of a function consisting of any number 
of variable factors is found bv adding together the products 
formed by multiplying the differential of each of the factors by 
all the others. 

Let M = P Q R, a function consisting of three variable factors 
P, Q, R. By considering the function u to consist of two 
factors PQandR, we have by (19) 

dtt=: Rd(PQ) -f PQdR 

= R(QdP + PdQ)-bPQdR 
= QRdP -f RPdQ 4- PQdR. 

Similarly if « == P Q R S, the product of four factors, we 
obtain 


dK = Sd(PQR) 4- PQRdS 

=:S(QRdP4' RPrfQ -f PQrfR) -f PQRdS 
= QRSrfP + RSPdQ 4 SPQrfR + PQRdS; 
and the same process of derivation may evidently be extended 
to any numl>er of factors. 

(21 .) The differential of a function in the form of a fraction 
is found by multiplying the differential of the numerator by 
the denominator, from this jiroduct subtracting the differential 
of the denominator multiplied by tlie numerator, and dividing 
the remainder by the square of the denonunator. 
p 

Let u = r-, P and Q being functions of x; 

P 4- aP 

then tt 4 Am = — ^ , and 
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A,, — P _ P — Q aP — P aQ 
Q + aQ Q Q(Q + aQ) 


AM 

Ax 


Q ^ 

Ax Ax 


Q (Q + aQ) 


Ilcnce taking the limiting values when Ax = 0, we obtain 

du_^ dx " rfi* . QrfP - PrfQ 
dx- Q2 


The different forms of functions, considered in the foregoing 
articles (14) to (21), comprise all the combinations of quantity 
that can be effected by the ordinary operations of Algebra, 
and they will therefore enable us to dilferentiate all algebraical 
fimctions, however complicated. We shall now apply them 
to a few examples. 

1. Let it be required to differentiate « = 34? -|- 2fl. 

Here, by (14) we must disregard the constant term 2a, and 

by (15) we have — = 3 or = 3 dx. 


2. Differentiate « = -. 


This being written u = x “ we have by (17), 

— — 1 = — — orda = 

dx X' 


3. Differentiate i# = 2 x* -f o x* — 3 a^x*. 


By (15) and (17). 

^ _ g d(x^) 

dx dx 


-f 



~3a* 


d(x^) 

dx 


dx 

X-’ 


= 2 (4 x^) -f o (3 X*) — 3 0 ^ (2 x) 
= 8x*-f3ax* — 6 a^x. 


4. Differentiate a = 4 x 
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Here ^ = 4 = 4 (| jf* "' ) = 6*^ = 6 

ax ax 

5. Differentiate « = (a + x) (A + x). 

By (14) and (19), 

rftt = ^6 -f x) rfx + (a -f x) rfx = (a + 6 -f 2 x) rfx 
du 

or - 7 - = a4-^"f“2x. 
ax 

6. Differentiate m = (x — 2)-(x* + 3). 

By (18) and (19). 

du = (x* -f 3) X 2 (x - 2) rfx + (x — 2)3 x 2xfli:r 
= 2 (x - 2) (2 x2 - 2 X + 3) ctr. 

^ = 2 (f - 2) (2x2 _ 2x + 3). 
nx 

7. Differentiate u — a'^ x^ -f i”x’”. 

By (15) and (17), 

du 

~ = a”‘(«x"~ •) 4- (mx^- *)=:no’"x’*“* + mft"x’"*‘‘. 

dx 

8. Differentiate « = (a + x)(i -|- 2x) (c + 3x). 

By (20) we have 

du = (5 -t- 2x) (c + 3x) . rfx + (e -f 3x) (a -j- x) . 2 dx 
-j- (a -h x) (b -j- 2x) . 3dx 

■■■ (i+ 2x)(c + 3x) +2(c+ 3x)(o + x) 

+ 3(a + x)(A + 2x) 

= (3a5 + 5c-f2ca)4*(12a 4- Gb 4-4 c)x 4- 18 x^. 

9. Differentiate m = 

a — X 

By (21), 

(a — x) X <fx — (a 4- x) X — <ilx 
= i 
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{a x) dx (a -f x) dx __ 2adx 
(a — x)* ”” (fl — 

• ^ — 2a 

rfx (a — x)'^ * 

10. Differentiate M = \/ or u = • 

a — X (a — x)4 

Here d« = 

(a — x)4 X |(a -f x) - * c?x — (a -f x)^ x — |(a — x) ~ * c?x 

du __ {a — x)i (a + x) - ^ -f (a -f x)^ (a — x) “ ^ 

* ‘ rfx 2 (a — x) 

(a x ) -f ( a -t^x) a 

2 (a ~ x) (a — x)4 (a + x)4 (a — x) ? (a + x) * 


(a — x) — x^ 

Otherwise, by squaring, wc have ° ~ and, by the 


Inst examjde, 2 «^/m = 


(a~x)^’ 


dx B (a — x) ^ (« — x)^ ^ a -f X 


(a — x) V — x^ 

1 1 . Differentiate « = V — x^, 

Write n = (a* — x^)* and by (17), (18), 

— X dx 

rfw = i (a*^ — x 2)-4 X — 2xcir = 

12. Differentiate u = q. -jAx 4- x-. 

Here « = (a- + 26 x + x^)* ; 

(fu = 4 "b 26x + x*)“i X (2bdx + 2xdx) 
^ (6 q- x) dx 

V 2ix -h' i* 
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13. Differentiate 
By (18) aiid (21) 

.r"‘ X 3 (fl- -f .r-)*^ j ^/J' — ( <7- -f X 3 j “dx 

ffu = 


flu _ 3^2 (a- -f x-y {j- — (a- + *r")} 

* ‘ </x X® 

3 r/2 _ , 

~ ZT "" ■+■ •^'"• 

Otherwise, writing the function in the form 
s 

w = (ar* + J'*" we obtain hy (ID) 

(fu = X “ ^ X 3 X d.r (fl - + J'" ^ * + («^ + -r ■) '^ X -- 3 x ■" * 
= 3 rfx («" 4- X“)'^ (x - 2 — X - («" -f- X-) } 

X 3 n2 

= — 3a-x*"*d'x (a- -f x-)‘^ = — -f x-. 

14. Diffcrentinte u — = 

^ (flS __ J.2 j ^ X (I t — X X — — x*)“^xrfx 

a~ — x^ 

(a- — x^) rfx + x” (ir o^c/x 

(a2~x2)^ (a3~x2)^ 


15. Differentiate w = 


v' a 4- . 


fl — j 


•4- V a i 


v' a 4 - . 

Differential of the numerator 

= i (a 4- x) - i 4“ 1 (a - x)“f ctr 

''/a4‘x4“ — x 


B 
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Differential of the denominator 


= }j (a j^) - ids -^(a — dj; 


a -f .r — a — X 
2 a- 


Therefore hy (21) we have 


( rt 4 j' 4- « — x)~ a ~ X — a — x)" 

du — - - - , . , V 

2 ( V « + a: 4- rt — j") - V a ' — j - 


a {a — \ (i~ — x' 


(a 4 fi ’ — x~) ^ o~ 


16. Differentiate = 


^ — 1 .r“ — X* 


Writing — a’’) for \/ a‘ — j -, we similarly linve, hy 

( 21 ), 


'• ( — 8 rt' .r — I .» •■ rf r — (ft a* — \ a- I - — t x ~(n '• — ,i -) .i dr 


_ ~ ( ,,2 _ ,t 5) (S 4.r -f i r^\ -f . S - .( o - .r*’ - .r*) r d, 

(!v 

1 7. If M = (« — .r) (/» 4 ./’) ; then — b, 

ax 

1 3 , (hi 

IS. It IX = - 4 4 - , ; then , ^ . 

X x' </.r \ x^* / 

^ , - , (hi n" 4 3 6x4- o 

19. If tt = (a " 4 6 X 4 .1 - ) \' .r ; then — = ~ 


20. If M = (2 4 X*) -- x~ ; then 


du »3 x^ 

rfx”” VfZr^2 


2x^—0* . r- du 3 a** 

.:i. If « = ~3- ''<>^ + *4 then ^ = 7v„qr7,- 
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{a- 4 - Jr-)^ (lu 

If « = ' ; then — : 

ax 


:u/- 


23. If u - (3 .r- - 2 «-) («“ + ,r-)^ ; 

then -'1 - 1 ^r, 

ILV 

(22.) Expressions under tlie form of square roots are of 
very fretpient oeeiirrence in nualytienl investigations, and their 
diderentiation, according to art. (IS), using I for tlie exponent, 
suggests the following siinj>le and expeditions rnle : 

Tiic differential of the sipiare root of a function is found l>y 
taking half the differential of the function and di>i<ling the 
same hy tlie scpiare root of tlie function. 

This useful ruK' niny he pracli<‘nlly applied hy the student 
to Nc" 11, 12, 1 1, 10, 20, 21, of the preceding (‘xamples, and 
it will enahle him at once to jnit down the tinal result in all 
ordinary cases of this kind. 


II. Lotjarithmic and Erponentud Func funis, 

(23.) The logarithmic function v = logj' depends uj)on the 
exponential relation o'* — — r. 1'hus if ~ ,r, and 

we have, hy multiplication, ^ v = j y ; hut 

ft (*P' — xy, 

log j 4- log y = log (xy), 

which is the fundamental property of logarithms. 

The constant quantity a is indeterminate and may have any 
proposed value. It is called tlie base of the logarithmic 
system belonging to it, and, since a‘ = r/, it is evidently tlie 
numlier wliose logarithm in the same .system is e<jual to unity. 
Since x = a**, we have x 4* Ax = a“ ^ and llicrefore 

Ax ^ - I 

Au Au ' Au 

In taking the limits of this equation we observe tlmt the 
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limiting continuous value of the i^ction 


»-l 


All 


f which ia 


Ai? 0 

common with ~ takes the form ^ when Aw = 0, must be a 

function of a and independent of Aw. Denoting this function 
by X a, we have 

gd I 

X a = limiting value of — - — when ^ = 0 
dx 

= a^\a — x\a. 
du 

Again, the equation x = gives j:® = $ denoting any 

value whatever. Therefore 

x^ —1 _ — 1 _ -- 1 

6 6 ^ ‘ ud 


This equation is necessarily true for all values of 0. By 
proceeding to the limit 0 = 0, w ^ = 0, the continuous values, 
from what precedes, obviously give 


X X = tt X fl ; 


/. u = log X = 


X X 
X a 


The value of the function X x may readily be obtained in a 

. ^ . .T«-I . . {] + (O'-I)}*-! 

stMies by putting — - — in the lorm — 


Thus, by expanding according to the binomial theorem and 
jnitting d = 0 in the final result, we obtain 

Xx = (x - 1) -I (r - 1)2 -h ^ (X- 1)^»- HJ"- 1)" + 
so that the last expression for log x may be written 

I _ (x-l)-i(x- I)° + i(x + 

(o - 1) -i (a - 1)= + ^ (o- (o- 1)‘ + Stc.’ 


These equations apjily generally to a system of logarithms 
having any value a for the base. According to Briggs*s 
system, on which the logarithmic tables in common use have 
been calculated, the base o = 10, which greatly facUiUtea the 
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use of ibe tables in arithmetical calculations which invoke 
decimal numbers, 

(24.) If the value of a be so assigned that X a = 1 , we shall 
have logr = Xor, and log a = Xa = 1. Tliis value of a will 
simplify the analytical relations and give the Napierian system 
of logarithms, of w’hich the value of a so determined is the 
base. Hence it follows that the function we have indicated 
by X characterizes the Napierian logarithm. To determine the 
particular value of a which will fulfil the proposed condition 
Xa = 1, instead of using the scries for X a take the initial form 
of this function, and we have 

_ 1 

limit of — = 1, when ^ = 0 ; 

6 

1 

a = limit of (1 -f 6f, when d = 0. 

By expanding according to the binomial theorem, wc find 

- 1 ’ o 


.G-i) 


•J.d 


d ' f fkc. 


, ^ ^ 1 ~ d ^ (1 -d) (1 - 2d) 

= 1+1+.^, + - +C‘VC. 

Now, when 0 jiasscs from a small posiuM* to a small negati\e. 
value, the vuliii of every term of tins series will evidimtlv varv 
continuously, and wlicn d = 0 it gives tlie limiting value ot 
1 

(1 -fd)® 

= 1 + 1 + + 8ic. = 2-7I82S18, &c. 

This arithmeticah aluc, which fonns the base of the Napierian 
logarithms, is usually denoted by the letter r, and sometimes 
by the Greek letter t, and these symbols always represent this 
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mitbnietical value whenever they appear as roots of exponential 
functions. 

The Napierian system, from its greater algebraical simplicity 
and convenience, is also that which is generally employed In 
analytical investigations and formulDe ; and therefore whenever 
a logarithmic expression occurs, the Napierian logarithm should 
always be understood unless the contrary is distinctly stated. 
We have thus, according to this system, the following rela- 
tions : 


log = limit of 



when ^ = 0. 


c = limit of (1 -f Of = 2-7182818, c^c. 

(h 

When M = logj’, the expression for — (art. 23) also 

du 

becomes ^ giving — \ but we shall otherwise 

(lu ^ ^ X j 

determine this differentiation in the next article. 

(25.) DifftTcntiation of « = log x. 

When X becomes x + Aj-, u becomes u + aw, and we have 
« -H Aw’ = log {x + Ax) ; 

X -j- Ax 


.*. Aw = log (j- + A.r) — log . 2 ’ = lo^ 

.Ax , , 

and, putting - - = we liud 

An _ log (I + ^) _ 2 


xO 


= - lof 


|<T 


Tn proceeding to tlic limit Aw =: 0, A-r = 0, d = 0, we 

1 

observe that the continuous llmiung value of (1 -f- = c and 

that log e = 1 . Ilcnec 


(iu 

dx 


and c/w = — 

X X 



DIFFERENTIATION OF FUNCTIONS. 


31 


Therefore the differential of the logarithm of a variable 
quantity is found by taking the differential of the quantity and 
dividing by the quantity itself. 

The differential of a power, or of the product of several 
functions, may be readily deduced from this. Thus if a = a 

then log « = a log x, the differential of which gives ~ = n — . 


du 

dx 


the same as in art. (17). Again, if 

« = P X Q X R, iSre., then log n — log P -f log Q + log R -f 

. , du dV ^ dil d\i .. 

&c.i and ” = p "1" "Inch givc.s 

which is equivalent to the formula of art. (20). 

(2G.) Differentiation of « = «»■. 

AVhen x becomes x + A.r we have u + Am = « ^ ; 


Am 

A,r 


Ax 


-1 


Ax 


But (art. 21) the limiting value of tlie vanisliing fraetion 
^ A^hich is of llie form is lo" a : therefore 

/I ’ r> » 


AX 


du 

dx 




or du = log fl . dx. 


Thus the differential of an exponential quantity linviog an 
invariabh' root is found by multiplying together tlie logarithia 
of the root, the evi)oncntial itself, and tljc differential of its 
exponent. 

Hence, when « = e, or « = e*, we have, since log c = 1, 


du 



THE DIFFERENTIAL CALCULUS. 


that is, the differential of an exponential quantity having for its 
root the Napierian base e is found by multiplying it by the 
differential of the exponent. 

(27.) Differentiation of « = PQ, P and Q being functions 
of X, 

Since m = P<i, we have log m = Q log P, the differential of 
which gives d (log «) = (log P) -f Qrf (log P) ; that is, by 

(25) , 

^=(:]osP)efQ + Q^; 

du= (log P) tt dQ 4- Q M ^ 

= (log P) PQdQ + QPQ~i dP. 

Hence the differential of an exponential quantity when the 
root and exponent are both variable is found by adding together 
the differentials obtained by considering each separately as 
constant and the other variable. 

For example, let u =•■ By considering the root x to be 
constant and the exponent x^ to be variable, we obtain by 

(26) the differential (logj) X 2xd.v = + J dj(loga'). 

Again, by considering the exponent .r- to he constant and the 
root X to be variable, we obtain by (17) the differential 
x ^ . x*'^-'^ dx = dx. Hence, adding these, we find 

du 

du = j?*’"*'* dx (2 log X -}- 1) (2 log jr -f 1). 

The following examples are added as exercises : 
du 

1. Ifw = x”e'; then — = x”*-* (m -f r) e-^. 

dx 

2. If — 2 2 - 4 2) e' ; then — = e'. 

dx 

3. If tt = (x^ — Sx^ 4- - 6) e*; then ^ = x^e^ 

dx 

e* , dtt xe" 

- r+T’ ^ “ (1+ j:)^’ 
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5 . If tt = e* log x ; then ^ 4- logx^. 

6. If tt = e*' logx ; then ~ = e**-*-^! -f m logx^- 


7 . If tt = l + X - ; then t- = 


du 1 *f X + x^ 


rfx V 1 x ^ 


III. Trigonometrical Functions, 

(28.) The trigonometriiai functions sin x, cos x, tan x, &c. 
are usually considered as abstract arithmetical quantities 
having reference to a circle whose radius is unity ; or, which 
is in effect the same, they are supimsed to be expressed in 
parts of the radius, the arithmetical value of the variable x 
being supposed to represent the length of the arc measured on 
a circle whose radius is unity or otherwise expressed in parts 
of the radius of the circle. Other forms result from the 
various combinations of these elementary functions, and ns 
they all involve relations between arcs of circles and their 
coordinates they are sometimes culled ** circular functions.” 

1 , Differentiation of a = sin x. 

When X becomes x + Ax, then u + Au — sin (x + Ax), and 
Att = sin (x d- Aj) — sin x 


= sin {(x + ^ A.r) d- i Ax} 

— sin {(x d- i Ax) — J A.r} 


= 2 cos (x -f \ Ax) sin \ Ax 
= cos (x d- I Ax) ch Ax ; 


Am , , ^ ch Ax 

.*. — = cos (x d" i Ax) • 

Ax ^ ^ ^ Ax 


Now, when am and Ax become infinitesimals, or when we 
suppose Ax = 0 with the view of seeking the limit of this 

equation, the fraction becomes a vanisliing fraction, and 
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therefore it will first be requisite to ascertain its limiting 
value. Let ch be considered to be the side of a regular 
polygon of n sides inscribed within the eircle, and we shall 
obviously have 

ch Lx __ w ch Zaj _ perimeter of polygon 
Ax ^ n Ax periphery of circle 
If the number of sides of the polygon be supposed to be 
indefinitely inereased, so will Ax become indefinitely diminished, 
and the perimeter of the polygon will evidently approximate 
more and more nearly to the circumference of the circle as 
its extreme limit, so that the numerator of the fraction 

will ultimately become equal to the de- 

periphery ot circle 

nominator: and thus the limiting value of is 

° AX dx 

Therefore by supposing Ax=0 and taking the 

limit of the preceding value of ~ we obtain the ultimate 

Ax 

differential relation 

~ = cos X, or du — dx cos x. 
dx 

Cor, The limiting value of = 1, when 6 vanishes. 
6 

For = 5!^^, which is of the same form as 

6 e 26 

and therefore expresses the same ratio in the limit. 

Ax 

2. Differentiation of u = cos x. 


Here Au = cos {x + Ax) — cos x 

= cos i ^x) -f 1 A-r} 

— cos {(J + 5 Ax) — i AJ'} 
= — 2 sin (j + -J Ax) sin ^ Ax 
= — sin (r + -J- Ajr) ch Ax ; 

Ak . , ch Aj? 
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Hence, taking (he limit as before, 
du 


dx 


— — sin j*, or = — dx sin x. 


Otherwise, since u = cos x = sin (itr — x), we have 
</« = (/(} »r — X) cos TT — x) 

r=z ^ dx cos ( J IT — x) = •— (ir sin x. 

3. Differentiation of « = tan x. 

Since u = tan x = we have, by (21), 
cos X j \ ^ 

, cos X J sin X — sin X rf cos x 

~ 

C08*X 

cos X {dx cos x) — sin X ( — dx Bin x) 


cos-'x 

rfx (cos^ X 4- sin^ x) dx , » 

-- — ^ ~ — rr 8ec*x. 

COS^X nr>«» 1 


4. Differentiation of m = cot x. 


„ cos X 1 

Here u = cot x = — » and 
sin X 


du = 


sin X d cos x — cos x d sin x 
sin^x 

sin X ( — dx sin x) — cos x (dx cos x) 
siu^x 


dx ( sin- X -f cos- x) 

Rin 2 j? 


dx 


=z dx cosec® X. 


Otherwise, since u = cot x = , we have, according to 

tanx ® 


examine 2, page 22, and the preceding, 


Jic=- 


dtan X 
tan®x ' 


dx 8CC®X 


tan’x 




cosec* X. 
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Or this differentiation may he obtained from that of tan jc 
by putting u = cot = tan Qtt — jr) ; thus we have 

clu = d rr — x) sec® jr — O’) = — dx sec® (| tt ~ j") 

= — dx cosec ^ X. 

5 . Differentiation of u — sec x. 

Since u = sec x = — ^ — , we have 
cos X 

rl cos X (fxs\nx 

au — r- = , — = ax tan x seer. 

COS~ X cos^j- 

G. Differentiation of u — coseex. 

Here n = cosec jt = , and 

sin X 

, d s\\\ X (fxcosx , 

(In = r---; — = r~n — • = — dx cot ,r cosec X. 

sin-x 8in-*r 

Otherwise, since v = coscc j = see (I tt ~ x), we have, liy 
the preceding, 

du = r/ ( tt— j) tan (J tt — .r) sec ( J a — ./) = — dx cot x cosec x. 

(‘J!).) The differentiation of other more complicated trigono- 
metrical functions may be easily dcduci-d from the elementary 
differentials here obtained, because all such functions must 
evidently result from certain combinations of these with 
algebraic functions. As it may therefore he useful to re- 
ineinber the results of the preceding trigonometrical differenti- 
ations, it will be convenient to collect them together as follows ; 

d sin X — dx cos x ! d cos j- = — r/j' sin x 

rftan .r = dx see® x I d coX x =z — dx cosec® x 

d sec X = dx tan x see x ! d coscc x = — rfx cot x coscc x. 

Tliev are thus arranged in two columns because the differentials 
in the second column arc respectively analogous to those in 
the first column, only using the complementary angle or 
substituting | tt — x in place of x ; and, this analogy ^being 
once recognized, a remembrance of the three differentials in 
the first column will be sufficient to suggest the others. 
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Examples for exercise : 

1 . If tt = cos a* + O' sin a* ; then — = cos a*. 

2. If tf = cos X sin” X ; 

then ^ = cos”'”*^ sin"“>x (n cos" x — m sin - x). 
dx 

3. If tt = (2 + cos~x) sin x ; then = 3 cos"^ x. 

dx 

4. If tt = 2 X sin X + (2 — x") cos x ; then = x~ sin x. 

dx 

If u = (2 -f 3 cos- x) sin" x ; then ~ = 1 .1 cos"' x sin ' x. 

dx 

T). If M =:= 3 X — 3 tan x + lan'^ x ; then — = 3 (aii'^ x. 

lix 

r. If M = 2 cos X + 2 X sin x — x- cos x ; tljon ,/ - ii,iii , 

dx , 

5. If tt = 3 X — cos X (3 sin x + 2 sin*^ x) ; tlien — = S sin *./ . 

dx 

y. If tf e' (cos X 4- sin x) ; then = 2 cos x. 

dx 

IV. Inverse Fund ions. 

(30.) If X —fu^ n function of w, tlie reverse relation which 
iiulicates the corresponding value of u as depending upon tlmt 
of X is called an inverse function, and is usually written 
M=/“*x. Thus if X = sin M, then M = sin~‘x, and this 
inverse trigonometrical function therefore symbolically ex- 
presses the circular arc whose sine is x. Similarly u = log “hr 
expresses the number whose Napierian logarithm is erpial to x. 
The differentiation of an inverse function follows immediately 
from that of the direct function. For, taking u ~ /""’x, we 
have X zufu, the differential of which gives dx = du /'«, 
du 1 1 
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We shall here in this way determine the differentials of the 
ordinary inverse functions in their simplest form. 

1. Differentiation of u = log"' j. 

Since x = log m, wc have by (25) dx = 

“ = M = log~'j*, or (/« = //j log"' j*. 
dx 

2. Differentiation of n = sin"'^". 

Since x = sin i/, we have by (20) dx — du cos ii ; 

du 1 1 ^ dx 

~dx~~ cos u ~ — x^' 

3. Differentiation of « = cos"'^. 

Since x ~ cos v, we have dx =. — du sin u ; 

du 1 1 ^ dx 

dx~^ sinw"” ~~ 1 -Tp* 

A. Differentiation of a = tan"'j'. 

Since .r = tan ti, wc have dx = du sec* u ; 

du 11 dx 

— - = - - = ; T, or du — , 

dx sec* u I -f 0 ’'^ 1 -f j:* 

5. Differentiation of u = cot"'x. 

Since x — cot t/, we have dx = — du cosec- u ; 

^ _ 1 ^ 

dx cosec* « 1 -f- j-* 1 + x* 

0. Differentiation of m = sec ""'a*. 

Since x = sec u, wc have dx •= du tan u sec u ; 

du 1 1 ^ dx 

' ‘ dx~~ tan u sec « x x 1 

7. Differentiation of « = cosec ~'x. 

Since x = cosec u, we liave dx =■ — du cot u cosec « ; 

1 1 _ 

dx cot u cosec u x — 1 


or du = 
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Here the differentials of cos~*jr, cot~*T, cosoc“^x Arc 
respectively the same as the differentials of sin“>.r, tan~’.r, 
8 ec~* only with the negative sign ; and this should cvidenllv 
be the case, because = cos~*^* + sin-'j’ = cot-*x + 
tan~*x = cosec “’x -f- sec~’ x. 

Examples for exercise : 

I . If u = (x- — 2 X -f 2 ) log" 'x ; then — = x - loir ~ * x. 


-w T/- log "hr , du X log- hr 

2. If H = ; then — = 

1 -f- X' r/x ( 1 "h x ) ' 

3. If M = logx log - ’x ; then ~ = ^logx 4 -'\log“‘x. 

f/x \ X/ 

•1. If « = nu-‘x 4 ~ ; then y- = - -y ,j. • 

X (/x X" (I 4 X'^) 

^ j di( 1 4 X t an - > X 

0 . Jt V = tan-‘x \/ 1 4 x-; then t" ~ n — 

iIj- v* + 1'- 


(lu 


X Mil ~ ‘ X 


f). If « = X — v'^1 — sin“*x; then 7 - = — — - / 

(/x vi-x' 


7. If « = ( 2 x- — 1 ) sin”’x 4 x \/l — x” ; 


then ~ = 4xsin->x. 
dx 

If a = X- 4 (sln~*x)” — 2 sin-*x . x >/! — x* ; 

thou t 
dx 


V. Compound Functions. 

(31.) If in a function u = fx the variable x is replaced by 
another function 0 x, the expression u=/(<px), which then 
becomes a function of a function, is called a compound function 
of X. 

Let y = ^x, so that u and let Aw, Ax, Ay denote 
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corresponding increments of u, x, y\ then, as the equation 

A« _ Am Ay 
Ar Ay Aj 

essentially represents an identity, and is therefore true for all 
values of the increments, however small, it must evidently be 
true when we proceed to the limit or suppose the increments 
to vanish and take the continuous values of the respective 
fractions. Hence 

du du dy , du dy , 

T.^Ty-d.' 

where —r' ~y~ ere tlic <hfTerentiiil eoeffieienfs of t}ie functions 
dy dx 

u = /y, and y = (px. That is, according to the usual notation 
of derived functions, 

=f'y ■ 

or du <f} x.dx. 

Similarly, if y = (p x, c = \f/ y, u =/*, so that the function k is 
of the more complicated form u = /’{>/;• or the function 

of a function of a function, it may he shown that 

du du dz du , du dz dy , 

-y- = . or du = . -p . dx ; 

dx dz dy dx dz dy dx 

and these, according to the notation of derived functions, wouhl 
be written 

j^=/'z . f'y . (t>'x—f{fy) yp' (tp t) (t)' X 

or du = {^(<P-f')}'P (0 «*') <P' x.dx. 

In the same way the formulae may be extended to any 
number of superposed functions, aud it is obvious that they 
all depend upon the following simple principle: 
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The tliffercntial of a function of any variable quantity what- 
ever is equal to the differential coefficient of the function, with 
respect to that variable quantity, multiplied by the ditferontial 
of the variable quantity. 

Thus if, as before, u =/{ } , by successively apply- 

ing this principle, we have 


=/' {'I' ^ X 

= X ylr' ((f>x) X X ds. 

The following examples will practically show the mode of 
proceeding here indicated : 

1 . Differentiate u = log sin x. 

By (^o) and (29) we ha^c 

, ^/sin.r </.rros.r , 

du — — . - = = dx cot X. 

8in X MU X 

(I -j- X 

2. Differentiate u = log , 

^ o p X 


By (21), 



(/) -h x) dx —• (n x) dr 

(i/Tjy 


{a — b) dx 
~ '(b~^ x)~ ■ 
Therefore by (2b) we have 


du ■=. d 



a -f- X 

b -f* X 


(a — h) dx It X {n — h) dx 

(h + X}- a -H X ” (a -f x) (b -f x)’ 


Otherwise, since u 
by (2a), 



= log (a 4- x) — log (b -h x), we have 

dx __ (a — b) dx 

b ^ X ~ (a + x){b 4 x) 


3. Differentiate u = c*'”'secx. 
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Here du=. sec jrrffc sec j", by (19), 

= sec + e"”'i/sccx, by (2G), 

= seexe*’"' . f/xcosx + r/xtunx sec x, by (29) j 
— (.iin ( 1 -f tan X sec x) dx. 

4. DifTerentiate u = log ( a- -i- x- + x). 

By (22), d ( a- -|- x- -f x) = + dx 

‘ a' a " + X - 

( a- + 4- j ) dx 

V a- 4- X- 

Tlicrcforc by (25) we have 

^ d ( 4- x“ 4- Jt) f/x 

a'^w" 4- x'“ + ‘i* x ^ 


5. DifiVrentialc « = log (an e"-^. 
Here du = d (log tan e~^) 


by (2r.), 

tune--" ' ^ ^ 


d (r-*) sec - c“ 
tan c"-" 


by (20), 


dxc~-^ ( I 4- tan" e~"^) 
tan c--" 


by (2b), 


= — f/x f (tan c~-" 4- cot f -"). 

f). If It — x*” c*'"^ ; then — x”‘“‘ (m 4" x cos x) f 
dx 

7, If u = 2 log sin X 4- co'^ec'x ; then - = — 2 cot-’x. 


8. If« = e»> 


du e*'** ■" 

then — — V -- s ‘ 
dx Vi .5 


9. Ifw: 




then 


du 

dx 


J 4- 2 
X (x 4- 1 ) 
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10 . 

11 . 

12. 

i:'.. 

11. 

IT). 

10. 

17. 


= — a~) log ^ + 2 a T ; 

tl,cn'^ = 2.1o^^L±-'. 
ltd' " a — X 


I f i/ = log (I 4- 2 X 4- 2 I 4- .1’ 4- J ' ) ; 

1 


- (ht 
tlicn — = - 


dx 1 4- j' -f- j' - 

T.’ , 2.r , (h 2 

It u = taa~^- ; ; then --- = r . 

1— a- (/j- 1 4- ' 


If u = sin “ ’ 


, du 1 

tlien - =- 


^ 1 -f- j' “ dx i 4“ 


, , , 4- « oos .r . dit _ — //- 

It u = cos “• , ; th('n — ■ • 

« 4- 0 cos X dx a 4* c cos x 

du ^ 

dx \ — x“ 

. « . - 1 , du 1 4- •7’ 4- .1’^ . - j 

If u = X r‘-'» tljcn - = „ c*'^" 

dx 1 4- ‘i-- 

If u = tan ■ * sin ~ ‘ o’ ; 

du 1 

then 


dx { 1 4* (''in ■ ’ .0*} ■ 


VI. Iwjilicit Functions. 

(.32.) The functions hitherto consitlcred are 8up}»ose(l to lx 
explicitly expressed in term*-' of tlie variable rjuantify involved 
and upon which its value is made to dej)end. Hut n fimetioi 
u may have its value depemling upon that of the \ariable x 
though not cxjiresscil in any delinite form, algebraicid or other 
wise, and perhaps not capable of l>oiug so expressed in finiti 
terms. In fact, the relation which connects together the cor 
responding values of w and x may he jiresented in the form o 
an equation, /(w, x) = 0,/ characterizing any ftinction what' 
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ever of u and x. The function w is in such cases called an 
implicit function of the variable quantity x. If the equation 
f (w, j:) = 0 could he solved for w in finite terms involving j:, 
the function u wonld then he exhibited as an explicit function 
of X ; but, as before ohser\ed, this may or may not be possible. 
A little consideration, however, will show that the differential of 
%i with resj)ect to x may be more directly olUained by taking 
the differential of the proposed equation in its original form. 

When X becomes x -f Ax, n becomes v -f- Af^, and ns tlic 
equation f (?/, x) = 0 must be true for all coexistent vidues of 
u and X, we have f (u + Au, x -f Ax) = 0, and 

f(u-\- Am, X -f Aj) — / (m, x) = 0, or A f (u, j ) = 0 ; 

. — 0 

‘ * Ax 

This relation will bo accurately true for all values of Ax, 
and at the limit Ax- = 0 it gives 

— — = 0 ^ or a / («, x) = 0, 

(lx 

which is the differential of the proposed functional equation, 
observing that u ami x vary Minultaneously, t/ being a function 
of X. This diflerential e<juation w ill Ix' of tlie form V dii 
-f Q(/x = 0, and it will therefore give th(‘ value of the limiting 

rating, or of the differential coeflicieiit of u witli re--j)eet to x, 
(lx 

the same being exi[)ressed in terms of u and x. 

Example 1. — Differentiate the function u when 

w - — *J u ^(r -f X- + X' = 0. 

Bv difTercntiating the equation, we have 
— 2 ux (lx 

2udu 2 \ a- -f x' du ~ + 2 x dx = 0, 

Va- + x2 

or 2(tt — + x^) du — xdx = 0; 

-p x“ 

du X 

’ * dx ” V a- -p X- 
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In this example the equation w- — 2 « .r - -f x® = 0 

involves w in a quadratic, and may then'rore be algebraically 
solved for u, giving m = -I- j*” + a, which is the explicit 

form of the function w, and its differentiation will also lead to 
the result wc have just obtained. 

Example 2. — Differentiate tt when — 3 -f 2 j *’ = 0, 
The differential of the equation gives 

3 M“ — 3x‘ du — 6ux dx -f G x- dx = 0, 

or 3 (m- — X-) du — G (tix — j*) c/x = 0 ; 

du 6 (ux — X") 2 X 

dx 3 — x~) » -f J' 

Example 3. — Differentiate u whi-n xsin u — u sin x = 1 . 

By differentiating the equation, we have 

dx sin u X da cos « — du sin x — adx cos x = 0, 

or (x cos u — sin x) du — (?/ cos x ■— sin v) dx = 0 ; 

du a cos X — sin u 
dx X cos H — sin x 

- .. . du x-’—au 

4. If — 3 a a X 4- == 0 ; then - - = — — . 

dx u- — a X 


, du sin M — wcosx 

5. If « suix — xsin w + 1 = 0 ; then - — . * . 

ax sin X X cos u 


6. If^2 + «=-2a^'x=-ll- = 0; 


then — : 
dx 


x ' — w- 


u a 4- A^x" — - u'^ 
du 


7. If u" log u — a X = 0 ; then — = — 77 .—; i ; 

° dx tt«-‘ (1 -f n logtt) 

du e ** 

8 . If xe** — a + 1 = 0 ; then ~ = 73 ^- 


9. If Mjr — (fl 4- w) = 0 ; 

r du u (a + tt)( 6 * — tf*) 
ab^-^u^ 
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I. inog“_±J^ 


then 7-= — -7^ 
(U va*- 


vii. Functions of Tiro or more VariahleR. 


(.'i.'h) Let«=/(j’, y) denote a of two variables 

a- and y. 

If instead of j and y varying; simultaneously, x be supposed 
to ^ary alone without any el»an<;e in the value of y, then y will 
he treated as the symbol of a constant (piantity, and u being 
then e(msidered as a function of x only, its differential or 
(inferential coetlicieiit will be determined by the foregoing 
methods for functions of one variable. The value so deter- 
mined, however, as it is made to depend upon a change in the 
\alue of j' without any supposed change in the value of y, will 
he only partial, and will not refer to a consideration of the 
total change of//. In order to distinguish this, the differential 


eoeflicient is usually placed within a parenthesis ; thus 



denoti’S the partial differential coefficient, and j //.r the 

partial difi’erential of u with renpect to x, that is, supjiosing x 
alone to change. 5'imilurly, ify alone be supposed to vary 


and X to be invnnable, denote the partial differen- 
tial eoeflicient, and the partial differential of u with 


respect to y. These jmrtial differentiations, as before observed, 
may be effected by the preceding methods for functions of a 
single variable ; first regarding « as a function of only one 
variable x, and again as a function of only one variable y. 

The supposition of x or y varying separately, so as to 
partially differentiate tlie function i/, is here to be received as 



DIFFERENTIATION OF FUNCTIONS. 


•J7 

a mere convent ionnl hypothesis nssiimetl for the purpose of 
more distinctly detinini; certain abstract analytical operations, 
to be applied hereafter. 

Ileturninp: now to the proposed function a — /(r, wlion 
X and y respectively become .r -f- at, y H- Ay, it becomes 

« + Am = d- At, y -f Ay) ; 

that Am =/(t + At, y + Ay)— /(T,y), which denotes the 
otal increment of n, or the (‘omblned effect produced on the 
;dae of the function by the two increments At, Ay. Insteail 
of conceiving; the values of .r and y to chang:c simultaneously, 
we may suppose tluun to clminrc snccessi\ely, ns tlie result v\ill 
b*' the same in both cases. 

Thus, su]»posing .r to become t + At and the value of y to 
remain unchanged, the fnn(’tion/(T, y) will become 

/ (t + A.r, y) ; 

.'mil su}i}>osinc:, in this last function, y to become y -f Ay 

and .r to remain unchanged, it will become /{x -f A.r, y -p Ay), 
wliieh is the comjiletc value of m conscfpient on the ehange.s in 
the values of x and y. The function u instead of passing at 
once to this last value is made to assume the three values 
y)} fi'^' + Ar, y), f{x 4* At, y -f Ay), and the partial in- 
crements of u in successively jmssing to these values are, 

/(t -f At, y) — f{x, y) 

= A/(t, y) with respect to t ; 

/(t -f Aj', y + Ay) —f (t -f At, y) 

= A/'(t -I- At, y) with respect to y : 

tiie sum of which gives f (x -p At, y 4- Ay) — f{x, y) = Am, 
the total increment of u. 

AM A/fT, y) with re.'^pcct to x 
* ■ AT At 

a/(t 4” At, y) with respect to y Ay 
^ Ay Ax 
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Hence, taking the limiting values when Ax = 0, Ay = 0, we 
obtain 

dx \dx) Wyj dx 



The differential of a function of two variables is therefore 
found by taking the sum of tlic partial differentials. 

(34.) Again, let u = /(x, y, be a function involving three 
variables x, y, and r ; then 

AM =/ (x -f Ar, y -f Ay, z -r A:) — /(x, y, z). 

Hut, instead of considering tlic values of x, y, z to change 
simultaneously, we may, as before, suppose them to change 
successively. In this way the function m, instead of passing at 
once to the new value/(x + Aj, y + Ay, z -f Az), will be made 
to assume the four values /(x, y, z),/(x -f Ax, y, z), 

/(x 4- Ax, y + Ay, z),/(x -f Ax, y -f Ay, z Az), 

and the partial increments of w iu successively passing to these 
values will be 

/(x + Ax, y. z) ~/(x, y, z) 

= A/(x, y, z) w ith rc.«pect to x ; 

/(x + Ax, y 4- Ay, z) — /(x 4- Ar, y, z) 

= a/(x 4- Ax, y, z) with respect to y ; 

/(x 4 Ax, y + Ay, z 4- Az) — /(x 4- Ax, y 4- Ay, z) 

= 4^(x 4- Ax, y 4- Ay, z) with respect to z : 
the sum of which gives 

/(x 4- Ax, y 4- Ay, z 4- Az) — /(x, y, z) = A«, 
the total increment of «. 

Au ^(x, y, z) with respect to x 
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^ a /* (jt + Aj, y, r) with respect to y Ay 
Ay ' Ax 

4- y respect to r Ar 

Ar Aa' 


nonce, proeeetling to the limiting values when Ax = 0, Ay = 0, 
At = 0, we have 


(in 

dx 


du = 


\dx/ \dy/ dx ^ \dz) dx ’ 


Tlic (lifTerential of a function of three variables is therefore 
ubtained by taking the sum of the partial clifl’erentials ; and 
ibis j)rinciple e\idently extends to functions of any number of 
variables. 

Exawple 1. — If u = a' logy ; then s\ip]>oslng x only to \ary 
we have 


= Ic'gy ; a^id supposing y only to \ ary, ^ > 


c/m = (log y) dx -f 


r/y. 


Example 2.- — If « = -f 3 « jy -f y'* ; 

(!ir) = ^ (i/y) = •■* • 

c/tt = 3 {x- -f ay) dx -f 3 (y‘^ + a j^) dy. 


Example 3. — If u — ^ ^ ; 

j -f y 


then 


/r/«\ 2y 

W/ + y)^’ 



2 r 

[x -f y)-" 


2(ydx — X dy) 

■“(7+4? “■ 
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4. If « = X + y + Vx'-' + y^; 


then du 




Vx- + y 

5. IfM=:xy; then c/tt = (y xV”*) ctr + (x^ log x) cfy. 
G. If M = xy -h y" ; 

o.e„ & = (l£i±r.) y^_^±ly^. 

fn ^ 

7. If « = — ; then c/m = ~ {my dx — nx dy), 

^ . 1 f « = cos X sin y -f sin x cos y ; 

then f/M = {dx -f dy) (cos x cos y — sin x sin y) . 

1>. If M = X Va~ + y‘^ 4- y — x* ; then 


du 


10. If M = X y z ; then = y r f/x + * x (/y -f x y dz. 

11. If 1 / = xy + y r -f* - X ; 

then du — {y + z) c/x + (r + x) t/y + (x + y) rf;. 


I'J. Ifu = 


— y” -i- ^ 


xy z 


. f/x 


2 ^ 




then du^ — ■ 


13. Ifi< = y- 


(y2 + r=) - + (j2 + jS) _ + (X^ + yl) -- 


xy X vx* -f y* -f 


then du = (y---)«tr+(.--xHy + (x- y ) rf. 

(• - ■f)" 



SUCCESSIVE DIFFERENTIATION. 


51 


CIIAPTEU III. 


SUCCESSIVE DIFFERENTIATION. 


I. Functions of One Fanable. 

(35.) By differentiating a function u = /.r, of a vnriaMe 
quantity a-, it lias been shown that the differential eoeflieienl 

-- will be another function Fx, and the methods of detcr- 

mining it have been established in the last Chajiter. By 
similarly differentiating this new function f 'x so as to obtain 
its differential eoetlieient denoted by /'V, this is called the 
second differential eoefheient of the original function fx. In 
like inauncr if we differentiate f"xy its differential eoetlieient 
/"'j is called the third differential coefficient of the function 
fx \ and, provided the variable quantity x does not disajipear 
from these functions, this operation may evidently be re]»eated 
to any order of differentiation. This continued process is 
called successive differcntiaiwUy and it is indicated by the 
following relations : 



wliich may also be thus expressed. 




du 

dx 


^ dxdx 


f"x - 


d d du 
dxdxdx 


he. 


According to Lagrange, fx is the primitive function, and 
/'jr, f"x, f"xy &c., thus determined, are respectively called 
the first, second, third, &c. derived functions. — See art. (11). 
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Although in the original idea of differentiation as founded 
on the theory of limits, a differential can have only a relative 
signification, yet, when separately considered as an infini- 
tesimal change of the variable, it may in analytical calculations 
])e regarded and operated upon as an indeterminate quantity, 
the value of wliich is only appreciable when it is compared 
with other quantities of the same order or kind. 

Thus the differentiation f'x = ^ merely defines the value 

of the ultimate ratio of two infinitesimal elements du and da\ 
and, ill other resjieets, w(‘ are at liberty to assign any law 
whatever to the sejiarate values of these elements as depending 
upon X. We might supjiosi? tlic values of du and dx to be 
each of them different for different values of j", so as to ehange 
wlicn X change's. It will, however, conveniently simplify our 
notation if x he taken ns an independent variable; that is, if 
we suppose tin* infinitesimal increment dx to have the same 
fixed value for all values ol' .r, so ns to admit of being treated 
as a constant. In this ea^e x is tacitly su})])Osed to increase 
hy eipial infinitesimal inerenients dx, and dx is thus independent 
of the value of j’; hut the value of du ~ dx f'x will evidently 
depend upon that of x and he different for different values of 
X. lienee the reason why x is in sueh case sj»ecially called 
the independerd variable ; also as the invariable element dx is 
to he regarded ns a constant in each differentiation, the fore- 
going relations obviously become 


fx-. 


du d {du) 


dx 




Or, in aeeordanee with the general index law, these arc more 
conveniently written 


f'x: 


du 

dx 


, / jr = — , &c. 

dx- " dx^ 


And thus the symbols 

dx dr’J dx^ 


&c. represeut the first, 
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econd, third, &c. differential coefficients of u with respect to 
: ; or separately considering the numerators and denominators, 
(Puy d^Uy &c. denote the first, second, third, vS:e. dii- 
erentials of u supposing dr to be constant, and d.r, dx', dx‘\ 
i:c. as before, indicate dx, (f/x)**’, &,c. or powers oi' dx. 

Example 1. Let m = x” ; then — ax'*"', 
dx 

= n{n — 1) = a (« — 1 ) (a — 2) ivc., 


^ « (n - 1) (« - ‘J) (n - 3) 1 = 1 .2.3 ...... 

Ex. 2. Let « = <>■*•; tlien by (20), 
d-u 


dll _ d-n 


* dx “ 


dA '* 


Ex. 3. Let u — cos x ; (hen — — sin x — cos ^x -f- 

U / ‘J;r\ 

t; = “ eosx = cos I X -j — - 1. 

a . / ^ 3a\ , 

- = sm X = cos / X + — I, \c 

d'^u / tin\ 

-- =cos (- + -,;• 


d'U 

dx 
d^ n 
dx 


Ex. 4. Let u ~ c'*'cosx; then 
du 


dx 


= c' cos X — .sill X ~ e* (cosx — sin x) 


\^'l €* CO.S 


d''u /- 
-T-.^ = V 2 e' 

c/x* 


(-3 

{cos (^.r + ;')-si..(.r + 5)} 


d 

dx 


= (\^2)" e^ cofi ^x + 

&c. &c. 

”=(VT>)"e^cos (^4-^). 
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f}^ u 

Ex.!), li u — ax'^ h X C-, then- — =1.2.3. 

Hx. 6. If M = sin j ; tlien = sin 4- — ^ 

</x” \ 2 } 

Ex. 7. If M = c”'' ; then 

</j.« 


Ex. 8. If w = X e' ; tlien - ^^ = (j 4- n) e^. 

(Ix^ 

Ex. 9. If 74 = e' sin x ; 


then 


(7” If 
(lx ” 


(>/2)’*e^sin 4- 


V \(\ 1C ” 

Ex. 10. It M = , ; then - = 

1~X’ 4/j'* ( _a-)n+I 


4 


II. Changing of (he Ituh'pendenf ['(triaUe. 

(.30.) When an expression ijnol\ijj^ two variables x, y and 
the successive difTerential c(7etlicients Inis been arrived at on 
tlie su{)]K)sili(m that one of (he variahles is independent, it is 
soinetiines reipiired to transfonn it into its cipiivalent nhen 
the other variable is indejK'iulent. This procOvSs is cjilled 
elmnpjinj; the independent variable, and it is aceomplisbed by 
replaeinp; the second and injj;her dilTerential coefficients by 
their complete values supposing; no imlependeut variable to be 
assumed, and aftenvard.s introducin'' \vhate\er new condition 
may be necessary. 

Thus if ^4-, ki\ have been calculated with respect to 
f/x' <lx^ 

X as an independent variable, to replace these coefficients by 
the general values when .r is not independent, and therefore Jx 
not constant, we shall have, art. (-1), 
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(rf*y dr — d^x dy) dx — 3 (d“y dx — d-x d^) d^x 

&c. &c. &c. 

By substituting these values in place of S:c. we shall 

dx“ dx^ 

obtain the corresponding expression when neitlicr x nor if is 
supposed to be an independent variable. If y is required to 
be an independent variable in tlie new expression, we must 
make (Ptj = 0, d^ij = 0, &c., in which ease the ecpiivaleni > 
will be 

dx- dx^ * 

d^y ^ (d-x)‘ dy — r/^.r dy dx 
di'^ dx^ * 

&e. v^e. 

by the sul>stittiti()n of wliieh tlie independent variable will be 
at once changed from x to y, 

HI. Funefious of Two or more f 'ariafAtw. 

(37.) In art. (33) it has been shown that tlie total dif- 
ferential of a function of two variables is obtained by taking 
the sum of the partial difTerentials, sn])posing each of them to 
vary alone. That is, if u =y(.r, yj, we liave 

As the iiartial differential coefficients (~ \ are also fnne- 

\dx) \dy) 

tions of the two variables y, it is evident tliat tlie value of du 
will admit of being differentiated again in a similar manner so 
as to obtain d-u^ and that this operation may be repeated up to 
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any required order of differentiation. To exhibit the results 
of these processes it will be requisite to extend our notation. 

When a function u Ls successively differentiated with respect 
to jr, considered as an independent variable, the results, 
according to tlie notation of art. (35), are thus indicated, 

&C. &e. 

\f/sj ydo”-/ \dx-^/ 

The snnu; with respect to y are 

(!)■ ©> m 

the brackets indicating, as in art. (d.l), that the derived func- 
tions are only partial. 

lint wc may differentiate, in succession, sometimes with 
resj>ect to one vnriahb' and sometimes another, in which cases 
the notation usually a<lopted is as follows; 

— is indicated by 
dx\dij} " \d.i dy/ 

.'L i C!!) k inJicutci bv 

dx (lx \dyj ’ \({x~ (hj / 

tkc. c'^c. 


where the innnemtor shows Ijow many diderentintions have 
been taken, and the denominator shows the variables employed 
in the reverse onler of the operations. AVe proceed to .show 
that the resulting values of these successive partial derived 
functions are in(h |)endent of the order in which the variables 
are suppo.si'd to change. 

The operation of differentiating a function is defined 

by the relation 


dx 






By applying this to the function «=/(r, y), first with 
respect to x and then with respect to y, we have 
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_ /('*■ + —/(•*’• y) 

v*r/ ““ “ dx 

( ^ 

Vy/ dy 

and by again applying the same principle to these functions, 
we get 

di/ \dx) 

f {x dx, y dy) — / ( x, y + ((y) -/(>r + + /(^, y ) 

t/x £(y 

L _ 

f/j- \dy/ 

f (x -f f/r, y -t- ^y) — /(.r -f y) —/(•»'. y + ^^y) -h / (j*, y^ 
f/x r/y 

Hence, as these expressions are alike, wo have 

d / du\ d /dH\ 

(iy \dx/ dx \dy / 

that is. 



This property is true when u is a function of any number of 
variables, because when x and y alone varv’, the other variables 
only enter in the same manner as constants, and as regards the 
operations performed, u may therefore be considered as a 
function of only two variables. Hence it follows that in 
calculating partial differential coefficients we may always 
interchange at pleasure the order in which the several dif- 
ferentiations arc performed, without altering the results. 
Thus when u =/(x, y), we have also 

/ d^u \ _ / d^t^\ / _ / dy \ 

\(/y dx^/ ~ \</x^ dy/ \dy^dx) dy^) * 

and generally, when w is a function of two variables, 
c 5 
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/ \ / \ 

\ d / \ _ / \ 

Kdx'^dij*) ‘ t/y*/ dyxdx^dy") \dx^dy*^^/ 


Examine 1 . Let w = sin y •+• y sin x ; then 
(du\ . , (du\ 

yZr y “ y y yT J ~ ^ y sm x ; 

/ d'u \ ( d-u \ 


wliirh two results are identical. 

Ex. 2. Let u = 2 x~y^ + x^y ; tlicn 



12 +• y*). 


(38.) The p:oneral proj>erty estahlished in flie last article 
will assist us in the successive dilFerenliation of a function of 
two or more variables. Let a/=y‘(.r, y), a function of two 
variables; then, art. (33), its first complete differential is 


du 



dx -H 



,ly. 


In proceeding to the next ditferentiation it must he observed 


that the coefficients 



are ftenerally to he i*onsidered 


as functions of both variables, and to separately admit of being 
difTerentiated in the same manner ns the original function «, 
by adding together the partial differentials. Thus we have 


d 


d 


= (£)*+ 

/dti\ d /du\ . d /du\ 
\dy)'^dx\dy) ^ ^ dy\dy) ^ 
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Again, if we adopt the principle of general different iat ion. 
and sujjposc dx and dy to he variable, we shall have, art. (l!'), 



The sum of the lefit-liand members of these is tlie differeii- 
tial of the value of du, and is therefore erpial to d-u. lienee, 
adding t(»gether these two equations and suhstituting iht' 


preceding values of d 




we obtain 



The process of differentiation may be successively carried on 
to higher orders in precisely the same manin r, so as to deter- 
mine general exj)ressions for d^u, kv. ; but ns tin; 

formuhc for the higher orders become ratln r emnhrons and 
are seldom recpiired, it will not he necessary to give any of 
them here. 

If the variables x ami y are indej>emleiit of each other, and 
their values admit of being eoimeeted by a relation ol‘ the 
form y = a X -i~ ,i, so that we may consider both of them to 
increase by constant increments ; then dx atid dy = n dx may he 
l)Oth supposed to he invariable. On this hypothesis, d~x — 0, 
&c. and d-y = 0, ik.c. and the expressions become 

“ =/(■*■» y)» 

&c. &c. &c. 
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Here the nuTnerical coefficients will be found to observe the 
sarne law as those of the binomial theorem; and the wth 
differential may be put down as follows : 

+ n 

\(ix^/ \dx*^-^dy/ 

n(n — 1)/ d”u \ , nj 9 I « 

The successive differentiations of a function of any number 
of variables may be determined in the same way as the pre- 
ceding. Let u = f (j, y, z) he a function of three independent 
variables, and suppose y = a + ^, z =■ a x + so that x, y 
and z may severally increase by constant increments ; then we 
find 


&c. 


&c. 


&c. 


CHAPTER IV. 

KXPANSION OF FUNCTIONS. 

I. Functions of One Variable, 

(39.) Let u = f{x) denote a function of x, and, h denoting 
a finite quantity, let the binomial function f{x-\-h) when 
expanded in terms involving the integral powers of 4 be 
supposed to be 

fix + h) =:/(x) + PA + Q48 -b R4» -h &C.. 
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in which P, Q, R, &c, are new functions of r to be determined 
from /(x). It has been shown, art. (6), that the coefficient 
P of the second term of this development is the diftcrential 
coefficient of the function y*(x), and is therefore to be obtained 
at once by differentiation. The other coefficients Q, K, &c. 
may be similarly determined by means of successive differen- 
tiation. Thus, by differentiating successively the above form 
of expansion, we get the follow ing equations : 

/(x-|-4) = P + 2QA + 3RA*-f &c. 

♦ 

f’{x-\-h)=z 1.2Q -P 2.3R A -I- &c. 

1.2.3 R -f&c. 

&c. &c. 

As these must be true for all vfdues of h, by supposing the 
coefficients P, Q, R, &c. to be finite in value, and making 
A = 0, w'c obtain. 


/W = r, /'(x) = i.2Q, 

■ • p - — « - Y.r 


rV) = ' -2.3 H, &c. &f. ; 


11 = 


ru) 

1.2.3 


, &p. 


&c. 


Ilcncc the expansion ofy(x + A) is, 

/(x + h) =/(x) +/(x> j ~ + f"(x) + &c. 


du h d-u d^u 

^ i/x ’ T ^ dx“ ‘ 1.2 dx'^ 


1.2.3 


4" &c,, 


which is Taylor’s theorem, and is one of considerable import- 
ance. 

In deducing it we have in the first plarc assumed without 
proof that the function is capable of being developed in the 
proposed form. The mere fact of obtaining on intelligible 
result will, however, be sufficient to establish the truth of this 
supposition. 

We have also necessarily assumed that the coefficients 
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P, Q, R, &c. slioulfl be finite, as the reasoning evidently ceases 
to be conclusive when any of these coefficients become infinite 
in value. When one of these coefficients becomes infinite in 
value, we shall find that all the coefficients which succeed it 
will also bo infinite in value. Wlienever this happens, which 
can only be in particular cases and for particular values of x, 
Taylor’s theorem is commonly said to fail; but it may in 
such cases be more }»roperly said to be inapplicable^ in conse- 
quence of the impossibility of exhibiting the complete expan- 
sion of the givrn function in the required foji» for that par- 
ticular value (if T. We shall hereafter give a more satisfactory 
investigation of the develoj)»nent in a modified form, so as to 
obviate any wfint of g(‘nerality or of logical accuracy that 
would otherwise be experienced in the many important appli- 
cations of this celebrated theorem 

(40.) By making x = 0, Taylor’s theorem becomes 

/(A) =/(()) +/'((!) * + /"(") fo + /■"(") 

Or, substituting x for h, 

/(■r) =/(«) +/(") + /'(O) + /"'(D) + &c., 

which is generally known as “ Maclaiirin's theorem,” and is 
useful for the exjiansiou of functions in jiowers of the variable. 
Professor l)e Morgan has observed, that Maelaurin was 
anticipated in the use of this tlu'orem, and it has in consequence 
been latterly called “ Stirling’s theorem ; ” but of this it may 
be remarked, that it is an obvious and very easily deduced 
particular case of Taylor’s theorem, of still earlier date ; being, 
in fact, merely the development of f{x) considered as a 
binomial function /(O -f x). 

II. Theorems which Limit the Values of Functions. 

(41.) Let /(x), /(x 4- A) be two values of a function which 
varies continuously between x and x -f A ; then if any value of 
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X between x and x + A be substituted in the proposed function , 
the result will be an intermediate function. For cxatn})lc, the 

functions /(x + -J \ f (x h \ are all 

* \ -f w / 

intermediate functions with respect to/(x) and/(x -f A) ; hut 
it does not necessarily follow that tlu-ir values are arithmeti- 
cally intermediate between /(.r) and /(.r -f A) unless th(‘ 
function betw^n these limits either contiiinnlly increases or 
continually dwrenses. If, howevi'r, .r he siipposetl to vary 
continuously and to take every j)(>s>.lhle \nlu(' from x to x + A, 
and V, V denote respectively tin* pireatest jind least vahics of 
the function between tliosc lijuits, then the value of every 
intermediate function will oh\iou^ly be coni])rised between 
V and V. 

(42.) When a variable x takes m proi;ivssl\i‘ values x,, x,, 
X 3 Xmt let the corresporarmL: valut's of a function u 


z=:f(x) be denoted by w,, u.j, m, ; tlum if the 

function be continuous in value from //, to u,„ we shall have 

i/j 4- Wj + 1/3 -f = m uo,n 


where 6 is some arithmetical value between ze ro and unity, so 
that the value of d/a is l)etw< (‘u 1 and w/. ami is a function 
of X intennediate with resp(‘c( t<» a, and 

Let V, r denote the ^^reatest and least \ allies of the function 
H when X is supposed t») pass continuouslv ihroujjjh every value 

from Xj to Xmy so that »/,, ?/„, are severally 

comprised between them, that is, less than V and greater than 
r; also let the sum of tlu se m fimetious he denoted by m(u), 
then 

V -f V ■+■ V &c. to m terms = /// V (1) 

«, + tt, 4- «3 4- K,n = m (a) f‘2) 

t; 4 - -f &c. to m terms == m v (3). 

On inspecting these wc observe that tlic terms of (2) arc 
severally less than the corresponding terms of (1) and greater 
than the corresponding terms of (3), and therefore the total 
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Talue of (2) is less than that of (1) and greater than that of 
(3), That is, the value of («) is comprised between V 
and r, and is therefore a value of the function between these 
values. lienee, as V and v are each intermediate with respect 
to M, and Urns («) must necessarily be the value of an inter- 
mediate function with respect to u^ and Um* and may therefore 
be represented by uemt B expressing a numerical value between 
zero and unity. H 

It will be observed that the basis of this proof is the evident 
proposition that when, with respect to certain functional 
limits, a value is arithmetically intermediate it must also be 
functionally intermediate, provided that the function is con- 
tinuous between the stated limits. 

(43.) Let /(.r) be a function of x, continuous and finite 
from 0 to x, and which vanishes when x = 0 ; then will 

/(X) = xf\Bx\ 

where B is some arithmetical value between zero and unity. 

Suppose X to he di\ided into a number (w) of parts, each 
equal to dxy so that rn dx = x, the number in being indefinitely 
great and dx indefinitely small. Then, according to the first 
principle of differentiation, 

/(O + dx) -/(O) 
dx 

f(dx -f dx) —f(dx) 
dx 

/(“ + dx) - /(2 dx) 

dx 

/J^dx + dx) -f^dx 
dx 

&c. 

/(mrfj-) -/{(m-l)rfj} 

^ =/'{(m-l)rfx}. 

Hence, observing that m dx = x, the sum of these equations, 


=/'(0) 

=/'(dx) 

=/'(2dx) 

=/'(3c/x) 

&c. 
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according to (42), gives 

or, since /(O) = 0, 

f(x) = mcLr/X6x) = xfiOx). 

Cor, If a function f{x) be continuous in value from 0 to x, 
and also vanishes at each of these limits, so that y*(0) = 0, 
f (x) = 0 i then, by the preceding theorem, 

xf{Qx) =/(j’) =0; 
fipx) = 0. 

That is, if f{x) vanishes at both of the vahics 0 and x, the 
derived function or differential coeflicient f\x) nill vanish at 
6x, some value between 0 and j*. 

(41.) If /(/O a function of A together with its first n derived 
functions be finite and continuous from 0 to // ; and if more- 
over the function and the first n — 1 of these d(*ri\ed functions 
severally vanisli when h = 0 ; then 

where d is some positive arithmetical value less than unity. 

Let A be supposed to be constant and x variable, an^l 
assume 

I'V) = A«/(-0 —x»/{h). 

Then, since Ffr) ^anishe.‘» when x = 0 and x = A, it follows 
from the corollary to (43), that the derived function 
F(x) = h^f'(x) — wx’*~‘/(A) 

will vanish when x = ^,A = A,, where A, is some value 
between 0 and A. lint since, by hypothesis, y' fO) = 0, tins 
derived function F(x) also vanishes when x = 0. Hence 
again, as tlie function F(x) vanislies wlicn x = 0 aiid x = A,, 
it follows from the same corollary, that its derived function 

F'(x) = A» /"(x) - n (« - 1) X"- V(A) 
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■will vanisli when x =■ some value between 0 and Aj. But 
since, by hypothesis, /“"(()) = 0, this function F '(^) also 
vanishes when x — 0. Hence, as before, 

F"(x) = - n(n-l)(«~2)x«-V(4) 

will vanish when x = A3, some value between 0 and A,. 

By j)ursuin" this process we shall evidently find that 

F^^Cr) = A”/C")(x)- n(n-l)(n-2 ) .... 1 /(A) 

vanishes wlien x = A„, some value between 0 and An-i. That 
is, substituting for x this last value, 

- 1.2.3 n/(A) = 0; 

••• = 

where A„ is some value between 0 and A, which may therefore 
be designated by $h, $ being an arithmetical value between 
zero and unity. lienee we have 

which is a further extension of the theorem of art. (13). 

Since A >A, follows that as the 

order n advances, the value of A„, or of diminishes. 

111 . hiwilatiotis to Taylor a Theorem. 
liCt he a function of A which represents the 

sum of all the terms after i\\e first in the expansion of the 
binomial function /(x + h) ; that is, let 

/(X f- A) =/(x) + K(A), 

and suppose A alone to be variable ; then the values of R(A) 
and its dilVerential coefficient or deri\etl function R'(A) will be 

K(A) =/(, + i) _/(xJ 

R'(A) =/'(x + A). 

Therefore as the value of R(A) vanishes when A = 0, if the 
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function /(<r) be continuous and finite from x to x 4- A, we 
have by the theorem of art. (43), or the more general theorem 
of art. (44), 

R(/0 = h + 6h), 

the value of R'(^//) being expressed by substituting 6h for h 
in the value of R'(^0 ; 

f(x + A) =/(x) -f hf'(x + (9/0 (1), 

which is the development made comph ti' in two terms. 

Let now R(A) be a function of// which represents the sum 
of all the terms after the tiro first in the ileveloj>inent of the 
binomial function / (x + h) ; that is, us suggested by equation 
(1), let 

/(,r -f h) =/.r 4- h f'(j) -f R(A), 
and, as before, suppose h alone to b(‘ xariabb' ; thou the values 
of K(A) and its derived functions will be 

R(//) =/(.r + 4) -/(..>) -W) 

R'(A) =/'(x 4- h) -/\x) 

R"(4) =/"(*^ -H /O. 

Therefore as the values of R(//), R'(//) both vanish when 
h — 0, if /’(./•), y*' (./•) be continuous uml (inlte from x to x -f //, 
we have by the theorem of art. (1 1) 

!!(/,) = A'; \V( 0 l,) = ”/''(■'■ 4 eh) X 

f(x + h) =/(,r) + */'(■<) + 4 0//) (•-’), 

which is the development when madf eoujjdete in three terms. 

.\gain, let R(//) rej)resent the sum of all tin* terms succeed- 
ing the threr first in the (ieveloj)menl ofy’(x 4- h) ; that is, as 
suggested by e/puilion (L’), let 

/(x -f //) — fix) 4- hf'ix) + J 

then the values of R(A) and its derived functions will bo 
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R(A) =/(x + A)_/(x)-A/'W-^/"W 
R'(/<) =/'(^ + A) -/'W - hf'\x) 

R"(/<) =/"(x + h) -f\x) 

R"'(A) =/"'(x + A). 

Ilcncc, as the values of R(A), IX'(h), R"(A) severally ranish 
when h = 0, if fi-r), f"{^) he continuous and finite in 

value from x to .r -f h, wc have by the same theorem, art. 

m, 

fix + h) =/W + hf’ix) + *'y"(a-) 

+ + 6 >‘) ( 3 ). 

which is the develoj)ment completed in four terms. 

In like nianner, so lonp; as the functions are continuous and 
finite in value, may the binomial function /(.r + h) be com- 
pletely evhiijited in any immher of terms. Thus, let R(//) be 
a fiuiction of h which expresses the exact residue of the 
development after the /VW n terms, so that 

fix + A) =f{x) + \f'ix) + ^/"(O + 

+ + 

Then the values of R(A) and its derived functions will be 
K(A) =fix + h) -fix) - \f'(x)- - y;V3/"V) 
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R'W =/'(x + h) -fir) - J/'W - ^/’’W 

- r^3 -777^1-/’'’ 


K"(A) =/"(t + A) -/"(X) - j/' Xx) . 


&c. 


;,»-3 

-TTjTrTTTrra/’-'W 

&c. 


R(«-2;(A) =/("-a + /o 


R(«-i)(A) = + A) 

Rf«X/i) == />• (j + A). 

Thcroioro, \vlion A vanishes, 

R(0) = 0, R'(0) = 0, R"(0) = 0, R "-‘HO) = 0 ; 

and lienee if /(>r), /"{x) / " (.r) are se>ernlly 

eontinuous and finite in value from x to jt -r h, the funetion 
R(A) fulfds the conditions of the theorem f)f art. (1 1), which 
gives 

= T7> J7.T» = r2;3‘;":T:7./ " 

The di’velopinont in Taylor’s series, whi ji made eonijilele in 
n -f 1 terms is therefore 

/(.r + A) =/(.r) + \ /\x) + -f O 

+ + r. 7 ;. 


where 0 is some jiositivc numerical quantity, the valui* of which 
is mideterinined further than that it is contained hefween the 
limits of rero and unify. M’^c are hcreliv enabled to affix 
corresponding \':nits to the completion of Taylor’.s series after 
anv number of terms ; but it must be nnnembered, art. (11), 
that the vaAic of / " (j + 0h), though functionally inter- 
mediate, is not necessarily contained arithmetically between 
/ "'(jr) and (j -f A). Let A' and v denote the greatest and 
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least values of f^^Kx) which occur from x to j: + A, then we 
conclude that, by stopping at the nth term, the final correction, 
to make the value of the development exacts will always be 
A" , A» 

comprised between ^ 1 2 ^ 

This formula is Lagrange’s limitation to Taylor’s theorem, 
and it should be remembered that the conditions on which it 
depends arc, that the n + 1 functions /(x), /'(j*), f'{x), 

f'\x) must be severally continuous and finite 

in value between the limits x and x + h. It is not affected 
by any of the subsequent functions 

&c. becoming discontinuous or infinite, aad it is true when 
stopped at any number of terms, provided only that the 
functions are so far continuous and finite. Thus we may 
have 

/(X + h) =/(r) + */'(x + e,h) 

=/W + J/'O) + ■£,/> + M) 

=/W + + e,h), 

&C. SiC. &C. 

which equations admit of being made exact by values of 
^3, <93, &c., each less than unity, so that x -f 6/1 is in every 
case comjirised between the limits x and x + By equating 
each of these values of /(x A) with the next, we deduce the 
following relations, 

/'(t + 0,i) + e,ii), 

f'(x + e,h) =/'(x) + + 6,h). 

&C. &C. &C. 

/!-» (x + i) (x) + ^/t-) (X + fl.i) ; 

aad from these we infer that, wheo h is small. 
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= 4 . == 

ind they will seldom in any case differ much from these values. 

(46.) By making x = 0 in the formula («), Taylor’s theorem 
xith limits becomes 

/W =/(0) + */(o) + ^,r(o) + ]-A,/'"(0) 

or, substituting x for A, 

/(X) =AO) + j/'(0) + /"(<)) 

and this equation, which is necessarily exact f«)r some value of 
$ less than unity, is the corresponding limitation of the theorem 
of Maclaurin or Stirling. The conditions essential to this 

theorem are, that the functions /(x), /'(x), /"(x) 

/^"^(x) should be continuous and finite in value from 0 to x. 
This tlicorein may also be put under tlie form 



1 .y. . . «V/x”A 


IV. Functions of Two or more Vanahles. 

(47.) Let « = F (r, y) be a function of two variables, and 
let it be required to expand F(x -f y + /O powers of 
A and k. Take A = a A and put 

U = F (x + A, y -f A) = F (x + A, y + a A). 

Then, by supposing A alone to var}", U may be considered as 
a function of one variable A, and expanded in powers of A by 
Stirling’s theorem, art. (46). When A becomes A -f dA, the 
function U becomes F (x + A -f dA, y -f a A + adA), and this 
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form is identically the same as if we had supposed x to become 
X dh and y to become y + a dh. Therefore, substituting 
dh for dx and a dh for dy^ in the formula 



we find the differential of U = F(x -{■ h, y ah), with respect 
to h, to be 



As this value of must be a function of j + 4, y + ah, it 
ah ^ j ^ 

nmy evidently he again differentiated by apjdying to it the 

.same forrnida (1). Thus 

dh (ill y/j’ <//f / \ dh / * 


that is, operating on the preceding value of as indicated on 
the right hand of this eejuation. 


dHJ _ /(J^\ 
dJr ” Vdx2 / 




.( 2 ). 


In the same way, treating this ns another function of x + 4, 
y + ah, and again cmjdoying the fomnda (1), the j)rocess may 
be carried to any order of ditferentiation ; and we shall obtain 
generally 


d^ll 

dh^' 





\<4r"~Vy-/ 



(k), 
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in which the numerical coefficients are those of the exj>ansion 
of (1 -f x)**. 

Now, by Stirling's theorem with limits, art. (46), we have 



in which expansion the function U and its differential co- 
efficients are the values when h = 0, excepting the last, in 
which h takes the value Bk. But when h = 0, functions of 
X 4- A, y -f aA become corresponding functions of x, v, and 
U, and its differential coetficients with respect to x and y 
become the same as if the function ii had been employed ; also 
when h becomes 6h, functions of x -f- y ah become 
corresponding functions of x -f dA, y -f Bah. Hence substi- 
tuting the values according to the preceding exjiressions (1), 

(2) («), and observing these transformations, we have 

^ for U the following development : 

U = F (x 4- A, y 4- « A) = 


-■’($)} 

A" f / (l”u \ 

1.2 . . . . n \ \(ix'‘/ Vc/x^-’r/y/ 

> n(n-\) 2/ d’^u \ 
2 " V(ir'-^c/yV 

-C)};t 


0h 

p 


the value of the term exhibited in the last three lines being 
taken when x and y become x 4- Bh, y 4- ^aA, where ^ < 1 . 

D 



74 


THE DIFFERENTIA];. CAXXVLV8. 


By substituting k in place of its value oA, tbe fdnnula 
becomes 

U = F(x-H A.y + A)=: 

-fJKS) -**(£5) -*■©)} 

+ ‘‘(joists 


(48.) In the formula just determined make x = 0, y = 0, 
and afterwards change h into x and k into y ; then 



where we have to make x, y each = 0 in the several functions, 
except in the term which occupies the last two lines, where they 
are to be replaced by Bx, By, B being < 1 . 

— It may here be remarked with respect to expansions 
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generally, that if the ath or limiting term decreases witliout 
limit as n increases without limit, the development may be 
then continued without introducing any limiting term. 

(*19.) If in Taylor’s theorem we make h = dx, it becomes 


1 


dy.{x) 

1.2 


1.2.3 


that is, if tt = / (x), 

.V du d'^u 

u =/(x + *) = “ + t+ 7;2 + 


This formula represents in a simple form the most general 
theory of expansion, and may be extended to the expansion of 
a function of any number of variables, under the following 
general enunciation : 

*IiCt tt =/(x, y, Cf &c.) be a function of any number of 
variables, and let 5y, dz, &c. denote arbitrary increments of 
the res{)ective variables. 

Su[»pose the function 

' U =/(x -f ix, y + ^y, z -j- dj, &c.) 


to be partly expanded, and denote by hi the terms which 
involve the first order of the increments ftx, fiy, (iz, cVc. 

Then x -t- Ar, y -f ^y, z + &c. being substituted for 

X, y, X, &c. in the value of <5w and tlie rcsidt again partly 
expanded, denote by d^u the terms which involve the second 
order of the increments. 

And again, the same substitutions being made in and 
the result expanded, denote by dhi the terms which involve 
the third order of the increments, &c., &c. 

Then will 


IT 

U = « + T+ 1,2 


+ r2i + ^-^ 


and the values of iw, &c. may be determined by 

successively differentiating the function « = /(x, y, x, &c.) on 

♦ This theorem wis first announced by the author in the Appendix to 
the * Gentleman’a Diary ’ for the year 1835. 
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the supposition that dx^ dy, dz, &c. do not change, only 
writing dx, iy, dzt &c. in place of dx, dy, dz, &c. ; also the 
series may be stopped at pleasure by substituting x -h d&r, 
y + d iy, z -h 6 &c. for x, y, z, &c. in the last term, 

d l)eing < 1 , 

By making j, y, z, &c. sCTcrally = 0, and writing x, y, z, &c. 
in j)l»ice of Sy, iz, &c., the result will be the expansion ol 
Uie function u—f{x^ y, r, &c.) in powers of the variables. 

The preceding developments may all be deduced from this 
general theorem. 


Examples. 

1. Expand f {x + h) ■=■ {x hy by Taylor’s theorem. 
Since f (x) = x", we have by successive differentiation 

/'(j) = n /"(or) = n (n — l)x*-*, 

/"'(x) = a (« — 1)(« — 2) &c. 

Hence, by the theorem, art. (39), 

(o’ 4- hy = x* + -h— 


-h 


n (a — 1) (a — 2) 
1.2.3 




which is the formula of the binomial theorem. 

2. Expand log (x 4- //). 

Here /(x) = logx, and by differentiation 

/'{x) =.x-\ f\x) = - \.x-\ r\x) = 1.2.x-», &c. 
Thert fore, by the theorem, 

/{x 4- A) = log C-r + A) = log (x) 4- ^ ^ 4" ^ — &c. 


which is divergent and inapplicable when x < A. 

If we employ the theorem with the limitations, art. (45), 
we shall obtain 

A 


1 )- (x 4- A) = log(x) + 


X 4- ^A 
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=:log(x)+--2^-pp. 

which expressions will be strictly accurate with values of B 
between the limits of zero and unity. Let x = 1 , then 

h A ® 

log (1 + A) = = A - 

By the first of these expressions it follows that the value of 

log (1 -b A) is comprised between ^ and ; and by the 

second the same value is comprised between the narrower 
A2 


limit. A- I’ and A. 2 (, + A)»- 

3. Expand the function « = sin x in powers of x by 
Maclaurin’s theorem. 

By differentiation, 
du d“u 

d^u 


— = COS X, 

ox 


d*u 




d^u 

&c. 


— coax, 


which, when x = 0, respectively become 1,0, — 1 , 0, 1 , &c. 
Therefore by the theorem, art. (40), 

^8 




— &c. 


Or, by the theorem with limitations, art. (4G), 

X* 

sin X = X cos ^x = X — sin B^x ; where 5 < 1 , 


and which may be similarly expressed in any required number 
of terms. 

4. Expand u = cosx, in powers of x. 

du d^u 

Here — = — sin x, — = — cos x. 


d^u 

dx^ 


= sin X, 


d*u 

dx* 


cosx, &c.. 



78 


THE DIFFERENTIAL CALCULUS. 


which, when x = 0, become 0, — 1, 0, 1, &c. ; 

Or, with the limitations, 

cos X = 1 — X Bin dx = 1 — cos B(t = &c. 

r>. Expand u=^e* ^ log“*x in powers of x. 

By art. (26) we have ^ = e', = e', &c., which, when 

ox ox^ 

X = 0, severally become equal to unity. 

, XX* x^ - 

e-' = 1 + - 4- — + 4- &c. 

1 -r 1 -r j 2 ^ 1.2.3 ^ 

Also, with the limitations. 


e' = 1 4- - e®' = 1 + - + - - = &c. 


G. Let u = xy z, and expand 

U = (x 4- (y -I- hy) {z + hz) 
by the general theorem of art. (49). 

By operating upon m = x y r with the symbol d in a manner 
analogous to successive differentiation, and supposing fix, fiy, fiz 
to be invariable, we have 


II = xyz 

fill = y z fix 4- z X fiy -f X y fiz 
fi*u = 2 X fiy fiz -h 2 y fiz fix 4- 2 z fix fiy 
fi^tt =. 6 fix fiy fiz, 
which substituted in the formula 


fi« fi*ii fi3*i 

^ = “ + T + r2 + r2r3 + «‘'- 


we obtain 


(x 4- fix) (y f fiy)(z4fiz)=xyz4- (yzfix4-zxfiy 4-xyfiz) 

4-(xfiyfiz-byfizfix4-zfix fiy) 
4- fix fiy fix, 

which may be verified by multiplication. 
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(30.) lu the series for e', example 5, replace x by x >/— I ; 
hen 




1.2 


1.2.3 


V^l + 


1. 2.3.4 


■f &c. 



1.2.3.4 


-&c. 


hat is, examples 3 and 4, 

= cosx -f V^— 1 sinx (1). 

In this equation replace x by — x, and we have also 
= cosx — V — I sinx (2) ; 


^ ^ > ( 3 ), 

2 V-I 

which are Euler’s formulse. 

Again, replacing x by mx in (1) and (2), 

g ± nw^TTr ~ cos mx + V— 1 sin mx. 

Hence, as ^ we have 

cos mx + V— I sin mx = (cos x + >/^ i sin x)* (4), 

which is De Moivre’s fonnula and is true for all integral 
values of m. When expanded by the binomial theorem, by 
equating separately the real and the unreal portions, we may 
obtain from it the trigonometrical values of cosmx and sin mx 
in powers of cos x, sin x. 

In (4) replace x by x 4- 2 rw, r denoting any integral 
number; then 

(cosx + >/ — 1 sinx)" = 

cos (mx -f 2 rmrr) + V^— 1 sin (mx -f 2rmn) .... (j), 
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which is the complete form of equation (4) and is now true for 
all values of m, whether integral, fractional, real or unreal ; 
and both sides will now always contain the same number of 
identical values.* 

From the preceding values of cosf, sinjr, equations (3), it 
is evident that all the trigonometrical functions of x may be 
expressed in algebraical functions of the exponentials 
and 


CHAPTER V. 

INDETERMINATE FORMS. 

(51.) When a function for a particular value of the variable 
assumes any one of the forms 

!I, ® , 0 X X , X - -X ; 0", x» or 1±*, 

Ox 

the function, absolutely considered under this singular form, 
becomes then essentially indeterminate and admits of having 
any value whatever assigned to it. But if the proposed 
function represent a (pmntity which varies continuously so 
that the function up to the particular value of the variable 
is subject to a condition of continuity, its value will evidently 
be deterniinahle in a iiiauner luialogoiis to that by which we 
ohlaiucd the differential coefticieut of a fnuctiou in art. (G). 


1. Functions in (he Form of Fractions. 


(52.) Let 1 / = 


/(.r) 


be 


a function of x which becomes - 


F (x) 

when X = ft. It is evident that this will arise from the in- 
corporation of certain vanishing factors in both numerator and 


* An investigation of the general theory’ of exponential and imaginary 
quantitiea arising out of this last equation is given by the author in the 
Appendix to the * Gentleuan'i Diary ' for 1837. 
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denominator. Suppose the resolution of these factors to give 

/W ^ 

F{x) (jf-a)"Q* 

where P and Q are of finite value when x = o. Then by 
division we should have 


/(f) 

F(x) 


= (x- 



and when x = a, this would obviously give for the required 
value, 


P . 

0 if m > n ; — if tn = n, or x if m < n. 

W 


The elimination of the vanishing factors will in most cases 
be facilitated by substituting « -f A for x, so that x — n = A. 
The form of u will then be a function of A which becomes 

? when A = 0. By expanding, if necessary, the immerator 

and denominator of this function in ascending powers of A, 
and dividing by the }>ower of A which is common to them botli, 
and afterwards making A = 0, the result will be the required 
continuous value of the proposed vanishing fraction when 
X = a. 

(53.) The continuous value of the vanishing fraction may 
be otherwise determined by ascertaining in a different manner 
an expression of its value in a continuous form for values of x 
contiguous to X = fl. Thus when x takes the value a i- A, we 
have by Taylor’s theorem, art. (45), observing that /{a) = (1, 
F(a} = 0, 

/(a + A) ^ /(a) + * /'{a + eh) f {a + 6h) 

F(a -f A) F(fl) -f- Y F'(fl -f 6h) F '(«r -f ^A) 


This equation is necessarily strictly true when A is of any 
value, however small, positive or negative, and if /'(a), 
D 5 
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r'(fl) do not both vanish or become infinite^ the fraction on 
the right hand will be continuous in form when h vanishes ; 
therefore, making A 0, we obtain, for the continuous value, 

F(o) F'(«) ^ 

But if /'(a), F'(a) both vanish, by extending Taylor’s 
series to another term, we shall have 

/(a + A) _ /(a) + j/'(a) + /"(a + flA) 

F (a + A) F(o) + I F(o) + ^ r'(o + Sh) 

_ f"(a + 6h) 

P"(o + eh) ■ 

Hence, if F''(a) do not both vanish or become infinite, 

we obtain, by making A = 0, 

/(«) _ r(«) 

F(o) F''{a) 


By proceeding in this way, we similarly find that if the 
numerator and denominator with their first n — 1 differential 

coefficients, viz./(^),/'(x),/"(x) /<’*“*' (or), and F(x), 

F'(j), F”(a’) severally vanish whenx= a, 

and the nth differential coefficients F'^'*^ (j) do not both 
vanish or become infinite, then the continuous value of the 
fraction will be 


/(«) 

F(a) F'^">(a) 


(54.) Suppose the numerator and denominator of the func- 


tion 


/(^) 

F(j*) 


to be both of them infinite in value when x = o, so 


that it becomes of the form ^ . Then by expressing the 
function by the reciprocals, thus. 


/(o) 

F(a) 


1 



1 


/(a) 
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it will become of the form ^ . Therefore by equation (1) 
we get, by differentiating the numerator and denominator, 


/(g) _ {fW}* _ f/jM\ lIlCoJ 

F(a) ~ ~ I F (a) J /'(a) ’ 

{ /(«) }* 

which gives 

F(a) F'(a) 


This being the same as the equation (1) befd^re obtained, 
we conclude that the mode of operating in this case is identical 
with that already indicated when the function is of the 

form?. 


Thus, if after n— 1 differentiations the fractions 


/'(«) 
F'(o) ’ 


F^(^) 

~ or and if does not become of either of those forms ; 

0 F^"^(a) 

then, according to equation (n), 

/(«)_ /^"(o) 

F (a) F'"‘(a) 


(5o.) We have therefore the following rule for determining 
the continuous value of a fraction wliich for a particular value 

0 y 

of the variable becomes of the form - or -1 ; — Divide the dif- 

0 30 

ferential coefficient of the numerator by the differential coeffi- 
cient of the denominator for a new fraction, in which substitute 
the given value of the variable. Should this latter fraction 

MS S /• 1 

still assume the form - or — , the same process mav be sur- 
U X * 
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cessively repeated until one or both of the numerator and 
denominator ceases to vanish or become infinite in value. 

Example 1 . — When x = 0, find the continuous value of 

1 — cos X 0 

sin -a* 0 

Here fx — \- cosx, F(j^) = sin^j ; and by differentiation, 

fix) ___ sin j* 1 

F '(x) 2 sin X cos x 2 co&x 

which, when x = 0, gives ^ for the required value. 

Example 2. — When j = 0, required the value of 

logsin2jr 


Since f{x) = log sin j, F(x) = log sin 2jr, we have 
- cos X ^ 2 cos 2 X 


f'i^) _ cosjr sin2x 
F'(x) 2 cos 2 X sinx 

Wlieu X = 0, the first factor of this expression is determi- 

cos X , , \ y sin 2x 

nate and is i r- = 4 ; but the other lactor — ; still 

2 cos 2x sinx 

maintains the indeterminate form ~ , and its numerator and 

denominator must therefore be again differentiated, giving 
2 cos 2 X 

— : j- 2. The value of the proposed expression is 

cos X I I r 

therefore | x 2 = 1 . 

ExamjUe 3. — When x = cc , determine the continuous value 
of the exponent m being a finite integer. 
fix) e* oD 

Ilere we have — x = — — = — when x = ao , 

F(x) x« oc* 

/'(x) e* ^ V 

= — zn = T** = » , 

r (x) wix'^~‘ X 
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1.2.3 

The sought value is therefore infinite. 

1 — j-*" 0 m 


= 00 , when * = oo . 


4. When x = 1, then 


1-x* 


0 


€* — €* 0 

5. When x = a, then = - = 

X — fl 0 

(). When X = 0, then ^ = || = Jog y 
—~c~* 0 

7. When x = 0, then : = - = 2. 

sin x 0 


8. Wlien X = 0, then 


X — sin X 0 1 

x^ ' *“ U ~ 53* 


. lao X — sin X 0 „ 

9. hen x = 0, then _ = 3, 

X — bin X 0 

, x'— X 0 

10. Wheux = 1, then , , — = - = ~ 2. 

1 + log X — X 0 


1 1 . When X = 0, then 


log eot j 




12. Whcnx= 0, then 


logx 

COSaX — ros/?x _ 0 a'^— 

cos «x — cos dx 0 ^ " 


II. Functions in the Form of Products. 

(.>6.) Again, if F(x)/(x) be a function of x which, when 
X = a, l>ecomes Ox x> , it may be differently expressed, as 
follows ; 

F(x)/(x) = 

lU) fV) 

Since, when x = a, F(x) = 0, /(x) = x , the former of 
these will assume the form and the latter will assume 
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the form — , and either of them may be eraluated by art. 
(55). 

Also, if F(x)--/(j^) be a function of x which, when 
x= Of becomes of the form c» — c» , it may be expressed 
thus : 

F(x)-/w=/<fL_JM. 

F(x)/(x) 

which, when x = a, will now become ^ and may therefore be 
evaluated as before. 


Example 1 . — When = ^ » required the value of 
tan X = 0 X 00 . 


In this example we have 


(l-^)tanx = 


When X = ~ , this expression assumes the form ~ > and 
its value is hence found to be 


Example 2. — When x = 1, find the value of 


log X log X 


log X log X ~ log X * 

which, when x =1, takes the form ?, and its value is there- 
fore found to be 

^=-' = x = l. 

logx 1 


X 
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2 1 

3. When x = 1, then ^ = x — x = J. 

4r When x = x , then e“*log x = 0 x oo = 0. 

5. When x = 0, then xlogx = 0 x x = 0. 

X 1 

0. When x = I, then r — z = x — x = 

X— 1 logx 

7. "V^lien X = 0, then -rio — ao = 1. 

sm-x X* 

8. When x = 0, then i — = x — x = 4. 

x-* xtaiix 

III. Functions in the Form of Exponentials. 

(57.) The general exponential function « = F(x)'^^^ may 
for a particular value of x become one or other of the forms 
QO, xO, li*, Oi*, x=t*. 

Only the first three of these are indeterminate in tlu ir 
character: the other two are determinate, and their valiu's 
are evidently 

Since u = F(x)/^'>, we have 


log u =/(x) log F(x) = . 

/(•!’) 

Therefore, referring to this expression for log ti, 



0° 


when tt is of the form * 

QO 

* log u is of the form « 


Hence the value of log u may be determined by art. (55), 
and thence the corresponding value of u. 
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Esumple l.-~Wkea x =• 0, find the ralue of x* = 0^. 
Here u = and logs = jrlog ar = 12^!. 


When F =: 0, this expression for log u takes the form - 

and hence, by differentiation, its valae is found to be 
1 


, log X X 

log«=-f-= — =-x = 0; = 


1 . 


2. When a: = 0, then 0® = 1. 

3. When x = 0, then (cotx)*”*'= oo® = 1. 

1 

4. When x = oo , then = qd® = e. 

1 

5. When x = 0, then (1 + mx)* = 1 ® = e*", 

_L 1 

6. When x = 1, then x = 1 * = "* 


IV. Exceptions to Taylor's Theorem. 

(r>8.) In art. (3!)) ulliLsion has been made to the existence 
of certain functions, to the development of which Taylor’s 
theorem ceases to be applicable for particular values of the 
variable, in consequence of the differential coefficients or 
derived functions becoming intinitc in value. 

Let ^(x) be a function of x, and suppose a given finite value 
a to be a root of either of the equations 


= 0 , 


1 


= 0 ; 


then it may be shown that ^(x) will be of the form 
^(a) = (x — a)'‘<^(x) (1). 


the function <^(x) not vanishing or becoming infinite when 
X = a, and therefore not involving as a factor any other power 
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of X a. Also, the exponent p will be positive or negative 
according as jt = a causes ^|r (a?) to become sero or infinity, or 

according as o is a root of = 0 or of = 0 j and it 

will evidently be the limiting value of the fraction 

which assumes the form when a? = a, 

(59.) Suppose a given function/(x) to contain a term of 
the form f(x) ; then, if we proceed to the derived functions^ 

/(x) will contain the term (a? -- a)'*- V W • M 
f(x) „ •/*(>* -0 

f\x) „ „ 

&c. &c. Acc. 

Consider now the following cases : 

1 . If ^ be a positive whole number, these terms will wholly 

disappear after and since the exponents p — I, — 2, 

fi - 3, &c. are all positive, it is evident that when a = a and 
j — a = 0, the original introduction of the factor (a — o)<* 
cannot thus affect the finite character of the values of the 
derived functions. This case therefore does not form an 
exception to Taylor’s theorem, 

2. If p he of the form wi + a positive whole number with 

the addition of a finite fraction, then the exponents p— 1, 
P — 2, p — 3, &c. of the factor (x — a) in the above terms 
will be positive for the first m derived functions, but will 
afterwards become negative. Therefore, when jp = a, the 
terms will vanish from the first m derived functions and will 
become infinite in value in all the subsequent functions. 

Hence, as regards the factor (x — the derived functions 

will, when jr = a, be finite up to but/(^^^^(x) and all 
the subsequent functions will be infinite. The expansion of 
the proposed function by Taylor’s theorem, for the particular 
value x = a, will therefore not in this case admit of being 
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carried to any tenns beyond ^ + 6h), and it 

h* 

may be stopped at any previous term 

where « < m. Within these limits the accuracy of the 
development will not be affected by the infinite values of the 
higher derived functions. 

3. If /I have a negative value, or a positive value less than 
unity, then the exponents fi — 1, ft — 2, /x — 3, &c. will be all 
negative, and when f = a all the derived functions will become 
infinite in value, so that the conditions of Taylor's theorem 
not being fulfilled, it will be wholly inapplicable to the develop- 
ment of the proposed function for the particular value x = a; 
but the application will nevertheless be true in all cases for 
values of x which differ from a by a finite quantity. 

The cause of these singular results may be ascertained by 
examining the effect produced upon the form of the function 
proposed for development. Thus when /(j) contains the term 
(j — ay(f}(x)f /(x 4- A) will contain the corresponding term 
(j? -f A a)**<^(x -}- A), and, when x = a, this will become 
A^<^(a 4* A). As <f>(a) cannot = 0 or oo , the expansion of 
this term will give a scries involving jK)wers of A beginning 
with A^ : when ^ is a positive integral number, no peculiarity 
is induced ; but when is positive and fractional, all the 
powers of A vrill likewise be fractional, and when fx is negative, 
the development will contain negative powers of A to the same 
extent. 

In these remarks, which apply equally to Stirling’s theorem, 
the symbol fi, to observe the utmost generality, might have been 
considered ns a function of x, and it is evident that all the 
peculiarities of form and result would then be determined in 
exactly the same way and would similarly depend upon the 
jmrticular value of fx when x = a. 

(60.) From what precedes we are led to the following 
genera] conclusions ; 

If when the variable x takes the finite value o, the function 
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/(x) and its first m derived functions be finite and the 
M + 1th derived function be infinite ; than all the succeeding 
derived functions will likewise be infinite, and Taylor’s 
theorem with the limitations, art. (4.5), will be correct if not 
carried further than the term involving A**. Beyond this term 
the theorem will be inapplicable, as indicated by the infinite 
values of the differential coefficients, because the further ex- 
pansion of the proposed function /( x -h A) will consist of 
fractional powers of A, the first fractional exponent being 
contained between m and m 1. 

If when X = a the value of the function itself be infinite, 
then the values of all the derived functions will likewise be 
infinite, and the true expansion will contain negative powers 
of A. 

In either of these exceptional cases the definite expansion of 
the proposed function f{x-\-h) for x = o may be generally 
obtained by first substituting a in place of x and afterwards 
expanding the reduced result, supposing a to be variable, for 
which Taylor’s theorem may be employed if necessary. 

Example . — Let /(x) = x* + (x* — ; then /'(x) will 

involve (x^ — cr^)^, and /"(x) will involve — and 

become infinite when x = a. 

Therefore the true expansion of /"(x -f A) when x = o will 
contain fractional powers of A commencing from an exponent 
between 1 and 2. To determine this expansion, wo have 

■ /(x + ») = (X + A)» + {(x + *)“ - 
/{a + A) = (a + A)’ + { (a + A)’ - a^*}^ 

= (a + A)» + (2aA + A’)* 

-(a + A)’ + A^(2a + A)t 

which may be readily expanded by the binomial theorem. 

Again, suppose ^(x) to be of the form e-p: 0(x), where m 
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is positive and finite and 0 (x) not = 0 or ao when jr = 0. 
1 

Since = or this function may be transformed 

into the equivalent expression ^ (x) = x “ gmiog, 0 (t) ; 


a = 0, and fx = ; 

x’"logx 

When X = a = 0, the particular value of the function 
1 


u = ■■ ■ 5 .., which takes the form ^ , must be determined by 
logx 

differentiating the numerator and denominator according to 
m 

art. (r>5) ; thus we find fj. = Hence, making 


X 

X = 0, the particular value of ^ is infinite, so that if x were 
considered os an infinitesimal, the value of the function 0 (x) 
would become an infinitesimal of an infinite order. Therefore 
the values of 0(x) and all its differential coeflicients or derived 
functions will vanish when x = 0, and the expansion by 
Taylor’s theorem will in this case not fail. 


V. Differential Coefficients of the form 


(Gl.) When two variables x and y are implicitly related by 
an equation 

«=/(x,y)=0, 

let the partial differential coefficients with respect to x and 

y l>e 


o 




then, the \Tdue of the differential coefficiont or differential 

ratio art. (32), will be 
dx 


^ _ P 

dx Q* 
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If values of x and y can be found which will fulfil the three 
equations « = 0, P = 0, Q = 0, we shall have, for tliese 
particular values, 

dy 0 

^ ~ 6 ' 


and the determination of the continuous value in this case may 
be found by successively differentiating the numerator and 
denominator of the fraction, as in art. (55), with this difference 

that the result will lead to an equation involving the roots 

(lx 

of which will give multiple values to tliis symhol. But these 
values may be more readily found by means of the expansion 
ofy'(j + A, y -f ah) ; since by nmkii)g/(j: -f A, y -f ah) = 0, 
it is evident that A and ah will be corresj)onding increments of 
X and y in the equation /{x^ y) = 0, and w hen these iucrcmeuts 
become infinitesimals, the symbol a will therefore represent 

the required values of 

dx 

The expansion of/(j' + A, y -f ah), given in art. (17), being 
equated with zero, omitting the first term /(x, y), wliich = 0 
by hypothesis, we obtain 




1.2.3 




&c. &0 


&c. 


which may be made complete in any number of terms by 
replacing x and y by x Bh and y -f- ^aA in the last term, 
where ^ < 1 . 

Now if particular values of x and y give = 0, = 0, 
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the first term of this equation will disappear ; and hence bj 
stopping the series at the second term and dividing bj the 

we get an equation determining the value of a = -— for 
1 Ax 

all valncs of A, and finally, making A = 0, the x + Bh^ 

y aBh become simply x, y, and we obtain, for determining 

the continuous value of a, the equation 

a quadratic, which will therefore give two values for a = 

If, however, for the same values of x and y, also 



then the first and second terms of the preceding equation will 
disap])ear, and hence stopping the series with the third term 

and, as before, dividing by the and afterwards making 


h = 0, we get 

»=(S) 




for 


a cubic e(|uation, which will therefore determine three values 
dx 

Should the partial differential coefficients simultaneously 
vanish for still higher orders, the same process may be 
extended by including additional terms of the preceding form 
of development ; but it will be minccessary to do so here, as 
the general law of the sueeessive terms is obvious, and these 
higher orders of nmltiple values do not often occur. It will 
he observed that the numerical coefficients of any order are 
those of the binomial theorem. 

Example . — Given y® — 7x-y — C x^ x-* = 0, to find the 

valued of corresjM)nding to x = 0 and y = 0. 
djc 
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When or = 0» y = 0, we have, bj partial differentiation, 


= -14xy-18j» + 4x» = 0, 



0= - 36 - 42a+ Ca^ oraS-7a~G = 0, 


the three roots of which are a = 3, — 1 and — 2 ; and these 

are therefore the required multiple values of ^ when x = 0, 

dx 

y = ^- 

(C2.) The multiple values of a differential coefficient, which 
takes the form JJ, may be more simply and ex|>editiouHly deter- 
mined nlgrehraically in the following manner: 

If the j)articular values of the variables be x = o, y = 6, 
first transform the given function /(x, y) by substituting 
x' + a, y' + A respectively for x and y, so as to get the equi- 
valent function in which the value of ^ is to be obtained 

tlx 

for x' = 0. y = 0. 

This last function being arranged in the ascending order of 
degree, with respect to the variables x', y', let it be denoted 
by 

[x, y']/ + [x’, y'];+i« + [x', y'];+„+, + &c. = 0, 
where [x', y']/ is sup|)Osed to comprise all the homogeneous 
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terms of the least degree I with respect to s' ajid y, 

the homogeneous terms of the next higher degree /-+-*», &c. 

As these functions are homogeneous, it is evident that 







which will now represent algebraical functions of . Hence, 

X 

dividing the preceding equation by the result may be thus 
expressed : 






1— J /+m + n 


= 0 . 


This ecpiation, which must necessarily be true generally, 
determines as a function of x'. Now, when x' = 0, y' = 0, 

the continuous value of ^ is obviously ^'L or ^ ; and there- 
X * dx' dx 

fore, making x' = 0 and replacing V- by the equation for 

X " dx 

determining this is 



Hence the equation for determining the required valiU‘S of 

is to be found by simply retaining only the homogeneous 
dx 

terms of least diineiisions with respeet to the variables, then 
dividing the same by a power of x' of equal dimensions, and 

finally replacing by The accuracy of the result will 

evidcutly not he afft‘cted, should the function, which comprises 
tlie terms of least dimensions, nt the same time involve terms 
of higher dimensions that do uot admit of convenient sefiara- 
tion, as these will finally vanish on making x' = 0, y' = 0. 
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This general rule will be found to apply with remarkable 
brevity and facility. 

Example. — Take that given in the last article, viz. 

— 7.r-y — -f = 0 to find the values of when 

dx 

x=:0, y = 0. Since the particular values of the variables 
are already x = 0, y = 0, the ecpiation does not require any 
preliuiinary change. The first three terms arc homogeneous 
and of the third degree, with respect to the variables ; hut the 
last term being of the fourth and tlierefore of a higher degree 
must be rejected. Hence, dividing — /X'y — by x* 

and reidacing - bv we obtain 
^ X ' dx 


the three roots of which are the v 

found. 


( 2 )‘- <£)-'=”■ 

values of 


as before 


CHAPTER VI. 

MAXIMA AND MINIMA. 

(63.) The value of a function is a maxiimnn if less values 
obtain when the variable is supposed to increase or decrease 
by small quantities. 

The value is a minimum if greater values obtain when the 
variable is supposed to increase or decrease by small (pinntities. 

A maximum value of a fuuction is therefore greater and 
a minimum value is lens than the values which immediately 
precede and follow it ; and thus tlie relative analytical applica- 
tion of the terms maxima and minima has reference only to 
the values of the function which are immediately adjacent to 
the values so designated. 

B 
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Tlic same circurnstauccs or coiulitions may recur lor dif- 
ferent \ allies of llie variable, and thus a function may admit of ^ 
several inaxinia and rrilnirna, and the extreme values of these 
will ohvimi'ily he tin* maxiinnin and mininmin values of the 
function in the uhsolute sense of the terms. 

In sorni' ('a^es, h()vv4-ver, the value of a function either 
alvvavs increases or always decreases when the varialile is 
su])jK)sed t/> increase, and it therefore iloe^ not admit i>f an 
ordinary maximum or minimum according to the preceding 
definition. 


I. T' line t ions of 0)te J in'iabtr. 

(01.) Let V ~ f{j ) he a fnnetion of a variable J', and let it 
he required to find the particular value.', of tiie vurialjle when 
the fnnelion is a maximum or a minimum. 

Supposing the value of x to eliange l>y a small (piantity h, 
if /‘(x) he a maximum we have /■(./)> /"(x -p *md if 

f{j) h(' a itiinimiim wa* mu-'t have /'(.c) </(.r -p A), ''md these 
relations nni'-t !>e maintained wln^lln r h i»e jtositive or negative. 
Therefore, us h passes from — to -f , the value of the funetiou 
J\x) will he 

a maximum I ri’ontimu'sto he negative, 

a minimum > when fir p b)-~f{x)l ei.ritiimes to lie positive, 

neither J pehange.s it.', sign. 

Bnt, art. (1.*)), 

/(x -P //')-/(x) = hf{T Oh). 

If the first derived fimetiony''(x) have a finite value, it is 
evhlcnt that h may he taken so small that /\x Oh) ."hall not 
change its nlgi hrnie sign when that of /i rhanges. As this 
value ofy*(x -p A)~ /\x) will tlien have ditferent signs, accord- 
ing to tin* .sign (»f A, the funetiou f(x) will in such case be 
neither a inaximnm nor n inininiuni. 

The preceding conditions of maxima and ininimR will require 
that A and /'(x + Oh) shall change sign simultaneously when h 
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passes tliroucli zero. But, art. (oS), when a varlahle (juantity 
chaniros its alLrehraic >i^ii it must either })!\ss throusj;h 0 vt 

I. Thereh-re we must haAe^?^^ = /'(j’) = Oor -f x ; aiultlioii 
0 ih' “ 

suj>posinL!; j\ hy iuereasiu:;, to pass through its value, the 
I'auctiou ) will l>e 

n Tuaxiumm 1 , (fn ^ r [4* — 

when — = / (x) passes Irotu «: , , 

a IKIMIIUUI!! J tO-|-, 

In tl se ease /“'pr) — 0, hy extending 'I'jin lor's series to 
another term, we ha\e 

J /,)-/{.! ) — 

Here a2::nn, if /’ \,/ 1 hr siippused ii(>t to Aanish, the value of A 
mnv he taken v;,.;,!! that f' i-i' + d/M shall not change* sign 
when the slru i j’ 4 i^ ehauLred. As /< - is neet''.sarilv ]uisiti\e 
tin* value (( /i.r - will ha\e the same fixed alge- 

hraie sign as / \r -f O/i) or / t^x) ; and therel'ore the fuiu'tion 
will he 

a maxinnnn 1 , </'« \ • f neirative, 

• when , ~ f (./) IS < ’ 

a niimmum J [ jiusitive. 

Acrain, snppo-e that a xalue of .r whieli makes /"'( »•) =r, 0 
also eaiises stwcr.-.l o| i jje siihvrcjneni <len\e(J functions /'"( r), 
to \;tm''h, ;:;.d let _/ ” ( /) he file first that does nut 
vanish. Then, art. ( l.'» ), 

A" 

/u -f /0-/U) = 


" (./ ) does not vaiiislj, it is evident, ns before, that a value 
may he asNi‘^ii<>(l to h so small that /" '* t r -|- ) shall not 

change its sii^n whi‘n that of A changi s. 'I'lie eth et njion the 
sign of A"* vvdl liowe\er (h'pend upon whether the immhcr tt he 
odd or e\en. Thus we find. 

If II he an odd inimher,/(x) is iieitlicr a maximum nor a 


minimum, unless y'"'x passes througb 


1 

6 
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If fi be an even number. 


fix) it a 


{ maximum 1 d*u 
minimum / 


= is 


f negative, 
\ positive. 


(65.) The nature of the preceding relations, which constitute 
the theory of maxima and minima of functions of one variable, 
may jierhaps be made more familiar by the following simple 
considerations : 

As the derived function =.f{x) represents the limiting 
dx 

ratio of the increment of the function to that of the variable, 
and as a decrement is indicated by a negative increment, let 
the variable t be supposed to increase continuously ; then the 
value of the function /^ j-) will increase whcn/'(j') is positive 
and decrease \vlicn/'(j’) is negative. 

But increases up to a certain value of x and afterwards 

decreases, it will evidently pass through a maximum value, 
and if it decreases and afterwanls increases, it will pass through 
a miuirnuin value. The function will therefore pass through 
a maximum or a minimum value whenever the value of the 

first derived function ^ = f{x) passes from -f to ~ or from 
dx 

— - to 4- respectively. 

After detenniiiing the values of x which make/'T-*') = 0 atid 

— = 0 this last simple criterion, which is that first ob- 
fix) * 

tained in art. ((>4), will generally lie sufficient to distinguish 
the maxima and minima values, if any exist ; and then it will 
be unnecessary’ to proct'cd to any derived functions beyond 

The process is also sometimes facilitated when the funetkm 
admits of being reduced or simplified by first multiplying or 
dividing it by some constant, raising it to some power, taking 
the logarithm, or performing some other operation according 
to the particular form of the function under consideration, the 
only restriction being that this preparatioD of the function 
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should not disturb the general relations as to corresponding 
maxima and minima. 

(66.) The different cases sjiecificd in art. (64) may also be 
characterized geometrically by making the variable x the 
abscissa, and the function /(x) the ordinate of a curve line, of 
which the equation is y =/(x). 1. 

1. If for a value of x which makes 

f{x) = 0, the value of f\x) is negative^ 
or if the first of the successive derived 
functions that does not vanish, be of an 
even order and its value negative, the ^ ^ * 

corresponding value of the functional ordinate will be a maxi- 
mum as represented in 4ig. 1 . 

2. If for a value of x which makes /'(x) = 0, the valiic of 

/"(x) is jumtire, or if the first of the fig- '-i- 

successive derived functions that does 
not vanish be of an even order and its 
value positive, tbc eorrespomliug value of 

► the functional ordinate will be a minimum 

, . ^ ~ U Jt 

as represented in fig. 2. 

3. If for a value of x which makes /'(x) = 0, also /^\x) 
= 0, and tbc value off’ix) Is positive, or if the first of the 
successive derived functions that does not 
vanish he of an odd order and its value 
positive, or if the first of the derived 
functions that does not iniiish he of an 

I 

0 


F.g. 3. 




even order and its value passes through 

from — X to 4- x, the corresponding value of the functional 
ordinate will he neither a maximum nor a minimum, and will 


be of the kind represented in fig. 3. 

4. If for a value of x which makes /'(x) 
= 0, also /"(•*■)= and the value o{f”{x) 
is negative, or if the first of the successive 
derived functions that does not vanish be of 
an odd order and its value negative, or if 


Fig. 4. 
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the first of the derived functions that does not vanish be of an 


&)en order and its value passes througli ^ from -f ® to — oo , 


the corresponding value of the functional ordinate will be 
neither a maxiinutn nor a minimum, and will be of the kind 
represented in fig. 4. 

r». If for a value of x which makes - ~ — = 0, the value of 

/(•*•) 

f{x)i as X increases, passes from -f a to Fig. 5. 

— X , or if for a value of jr the first of the y 
successive derived functions /'(j’), f\x), 
ike. that does not vanish is of an odd order 
and its value passes from -f x to —x , the ^ 
corresjmnding value of the functional cudi- 
natc will be a maximum as represented in fig. or fig. 1. 

0. If for a value of x which makes — - 0, the value of 

fU) 

f{x)t avS X increases, jiasse.s from — x to Fig. C. 

+ X , or if for a value of x the fiiNt of the ^ 
derived functions f {x), f" {x)^ &c. that does 
not vanish is of an odd onhu* and its ^ahic 
passes from — a to + or , the eorr< •^pond- 
ing value of the functional (^rdinate will 
be a minimum n.s represented in fig. fi or fig. 2. 






Example 1. — Divide a nuiuber a into two jisirts, such that 
their product shall l>c the greatest possible. 

J.et X he one of the jmrts, and a — x the other; then 
^f[x) = j" (<7 — J-) ax j" is rcfpiired to he made a maximum; 

f{x) a — 2x ]iut = 0, gives x = I a. M’hen x is less 
than la the value of r(.r) is -f , nud when x exceeds the 
value ot\/^(x) is — ; henec, when j- passes through its value, 
/"(x) jmsses through -f 0 — . which indicates that the value of 
the function first increases and then dccrenscs, and therefore 
passes through a maximum, the number being then equally 
divided. 
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Example u =/(j-) = 2jr»-9ax2 12084 : -4a5; 

then 

~~ =/'(j') = ISor -I- 12 =r 6(x— fl)(x~2<;)= 0 
ax 

p\cs X = a and x = 2a. W'hcn x passes through the first ot 
these values, f\x) jmsscs through -f 0 — , which iiulieates 
a maximum, aiul when x passes through the soeorul value, 
/'(uT) [lasses through — 0 +, which iiulicates a miniimim. 
Tlierefore, when j- = a, f{x) = < 1 ^ a maximum, anti when 
X = 2ayJ\x) = 0 a minimum. 

r.x. 3 ,— lfu = 4 + (j--o)t; 

da t 

then ^ < (x — fl)* = 0 gives x — a, anti ns x passes 


through this value, /'(.r) passes through — 0 -f » which indi- 
cates a minimum of the kind represented in fig. 2. 

Ex. 4. — If M = i -h (.r — 
du ® 

then f{x) = J (x — o)** = 0 giies x ~ a. As .r jULsses 
ctx 

through this value, f{x) [la.fises through -f 0 and does not 
change sign. The value of the funetion therefore first inereascK, 
then just ceases to increase, nii<l again increases. It is hence 
neither a maximum nor a minimum, but of llie character 
hln)Wii in fig. 


Ex. Ik — If u — d + (j - < 7 )^ ; 
then ~ = /'(.r) = J (x — which = x 


w hen X ~ a, ami 


a.s X passes through this value, /'(x) passes through — a: -f , 
w hich indicAle.s a minimum of the kind rej)re.senled in fig. (J. 

Ex. C ). — Ketpiiretl the height (x) at which a liLrlit should be 
placed above a table so that a small portion of the surface of 
the table at n given horizontal distance (a) shall red i\e tlie 
greatest illumination from it. 

If denote the angle under wrliich the rays of light meet the 
given surface, the degree of illumination will vary as the sine 
of this angle directly and the wpinre of the distance (r) inversely. 
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BDtr8=ra»4. jf9and8in<^ = f= _f_. • . 

^ \/a* + x»’ "(a2+x»)t 

must be a maximum ; or, takmg the logarithm, the value of 
logjr-f log must be a maximum. Denoting this 

last function by u, wc have 

^ 1 3.r o2~2x® 

dx~^ X a® -f x2) ' 

which = 0, when jr = a and as ^ passes through + 0—, 
the value of the function is then a maximum as required. 

r. If u = ; then when x = a, u = | a maximum, 

and when x= — a, u = — ^a minimum, 

8. Of all rectangles of a given area, a square exhibits the 
least perimeter. 

9. If tt = x'^ — 3ax® 4- 4a^ ; then x = 0 gives « = 4ei^ a 
maximum, and x = 2a gives u = () a minimum. 

10. If II = !2Ef j tiicn when x = e, a = 1 a maximum. 

^ c 

~ 1 

11 . Iftt = j-«^-, thenx = e" makes urre”*' a maximum. 

12. If tt = , , . 

(a + J)(6 + x) * 


then X ~ Vai mokes u = ® “a’cimum. 

13. If a = cos’’ X sin X ; then cos® x = J, sin* x = | give 

3 

i jjj: y/^ a maximum and a minimum. 


II. Functions qf 7\po Variables^ 

(1)7.) Let u =/(x, y) be a function of two variables x and y. 
When the value of « is a maximum we must have f{x, y) 
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>^jp + 4, y + 4), and when it is a minimum we must ha^e 
yi-r* y) K /(-f + A» y + 4), and in either case this relation must 
remain unchanged whatever may be the algebraic signs of 
h and ah. Therefore, for all combinations of values and 
algebraic signs that can be given to the small quantities h and 
X: = aA, if for brevity we put 

-h A, y + a A) ~yix,y) = 
the value of the function « will be 


a maximum 'I f continues to be negative, 

'' a minimum > when du < continues to be positive, 
neither J changes its sign. 

But, art. (47), we have 

When the value of this expression continues to be of the 
same algebraic sign, the value of (lie factor contained between 
the brackets, which corresponds to x 4- dA, y + daA, must 
change sign with A, and this change of sign must occur when 
A = 0, or when x-fdA, y + adA become x, y. Therefore, as 
the value of a is arbitrary, we must then have 

0»»- (I)-”’ 


unless one or botli of these partial differential coefficients should 

pass through the value with corresponding algebraic signs. 

These two equations or conditions will determine the particular 
values of the variables. 

To ascertain further regarding the algebraic sign of the value 
of du when ^ ^ the expansion of 

/(X + *. y 4- aA), art. (47), be extended to another term ; 
then, as the term of the first order in A now vanishes, we 
obtain 
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If the second dilTerential coefficients do not screrally viinisli 
and their relative magnitude^ be such that the value of 

shall not vanisli but continue of the same sign for all values of 
a, it is cvid(‘nt that h may be taken so small that the value of 
hu will always have a corresponding sign, which will not change 
with that of /«. Tor brtwity let this expression be denoted by 
(A) -f 2(c)«+ 

then when a = t) its value will be A, and, when the arbitrary 
Cjuantily «, whieh is imre-'dichnl in \ahu‘, is nuule inilefmitely 
great, its algf'l'raic sign will Ix' d»‘ti rntiiif(l hy that of li. The 
(linVrrntial eo,-th(>ients rejiresented by A and B must tlierofore 
bnvt' like signs, anil for all other \aliies of « tlu' ('Xpression 
must retain lie' same sign, lly piutiug tlie expression under 
the ecjuivulcnt form, 

a{(i +!„)- + 

it hecomes evident that it will necessarily ba^e llie same sign 
witli t!ie eoetlii'ient A when the a aiue of A U — c is positive, or 
A IJ > e* ; that is, 



A>C'"'Y. 

\Ci V v.'/ 

V V"* '-'y/ 


This is lingrange’s Condition of maxima ami minima, and 
when it is satisfioil the value of the fumUif^n u will he 

a maximum f . f negative, 

n minimum \ Cl— | p(-j-itive. 

If (.A) and (ID . ^ ai'd ^ ^ diiferent signs, or if 

Dagrange’.s ('ondition he otherwise uiK>ati’'tietl, (he function 
is neither a maximum nor a minimum. Also if the values of 

Jr and y which makc^-^^^= = 0 should happen to 
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cause the second differential coefficients 


/^\ / dhf \ /iiy\ 
\({xdyr V/y V 


to vanish, it may be shov\m, as in art. (64), that a maximum or 
minimum value of (he function will require that the first set of 
differential coefficients that do not vanish be of an oven order. 


III. Functions of Three VariaUes. 

(G8.) Let w —f{Ty y, r) be a function of three variables 
j*, y, and r. 

When is a maximum /(x, y, r) >/(j‘ + h, y + h, z 1)^ 
and when it is n minimum /{r, y, z) + //, y 4- h-, z -f f), 

where the symbols //, h = ah and / =r ^h denote small ehanj^es 
in the values of (he Mirinldes. As in the last nrliele, the 
values of .r, y, z whiili mnintnin eitlur of these relations 
must be found arnong'it the systems dt'(ermim*d by the 
equations 

(;?:)=“• (S)-"- 


cxccjiting, as hefons (he oeeurrenee of infinit(' values. 

If (he seeoml ihlferential eoeftieients do not vanish, h may 
le taken so small tliat the Mdne of 


=: /\t -f h, y -|- ah, z -t /i/z) — J{t, y, r) 


shall have the same siirn as the exj)ression 
/'rl'u\ /d~n\ , / r/'w \ 


,^ + 2 


f">-V 

Vrf.- dJ-J 


and not change its sign when that of 4 clmng<’s. For a 
maximum or n minimum therfforo it will he essential that the 
value of this expression be either always negative or always 
positive, whatever values lx* given to the nrhitrarv quantities 
a and (i, which are wholly unrestricted. To facilitate the 
determination of the requisite eonditions amongst the coeffi- 
cients, let the expression he more briefly denoted by 
.= (A) + (B)<.’+ (C)lt"-+ 2(a) a j9 +2(4)41 + 2(c)a 
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and by patting it under the equivalent form 
b ^ c V . AB~r3 


{( 


1 + + 


A* 


-a*-f 2 


Atf — he 


aj8 


A2 
^ AC-d* 


it is obvious that it will always have the same sign with the 
coefficient A, provided that the value of (AB — c^) a® 4- 
2(Afl— ic) 4- (AC — be always positive, and this will 
be the case when AB — c® and (AB — c®)(AC — — (Aa— 
are both positive, or AB>c® and (AB — c®) (AC — i®) > 
(Afl — There arc therefore two conditions of maxima 

and minima, viz. 


\dxdy) 

{(sxs)-(£5)’}{(S)(S)-(^iy} 


* When loth of these conditions are fulfilled, the function u 
will, as before, be 


a maximum r ;« / 

a minimum \ ^ \dx * / * 1 positive. 

(C9.) The conditions may be otherwise obtained in a 
symmetrical form, and the extreme value of r determined as a 
maxim\im or minimum value of a function of two variables 
< 1 , /3. Thus we have 


(^) = 2(B<i + o3 + e) =0 (I) 

(^) = 2 (C^ + oa + i) = 0 . . . . (2) 

(S)— . o— • (a- 


* The first of these conditions is u essentisl u the second, although it 
ii commoul}' neglected by writers on this subject. 
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Hence ( 67 ) if BC > a® the Taluc of c will be 




80 that if this Talue have the same sign as A, B, and C, all the 
values of « will have the same sign. From equations (1) and 
(2) the values of a and /9 which determine this value of € are 

ab — Cc ^ ac — B6 

““ BC-a** BC-a® * 

For simplification, previous to the substitution of these values, 
multiply equation (1) by a, equation (2) by and add the 
results, and Ba® + C(i^ -f 2aa^ -f 6/3 + ca = 0. These 
terms being therefore omitted in the expression for it 
becomes r = A 6/3 -f ca, in which, now substituting the 
particular values of a, /3, we get 

ABC /, fl® 6® c® . 2abe 


= _^£. {{ 
BC-a®\ 


CA AU'*' 


. . . (3). 


When this extreme value of c is of the same sign as A, B, and 
C, we have therefore tlie symmetrical condition 
«® 6® c® 2abc 

^ BC CA AB ABC > ^ 

Also, putting 

‘>°»V = T^. co»V=^. co»V'= ~B ■ • (5). 


c» 


- 50’ ^ CA- - AB • 

the value of < becomes 

f = _(AI_ (1 — C08®</) — COS®^' — C08®(^''-f 2 c08 (/> COS0^ CO80''). 

8 in®0 

But if </), denote the sides of a spherical triangle, and 

w, o>', cu" the perj)endicular8 upon them from the opposite 
angles, this last expression, by spherics, is equivalent to 


« = (A) sin®® = i 

^ A® h^/d'*u\ . j 



no 
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■which, for a given Brr.all increment h and arhitrnrv small in- 
crements k and /, represents the least [>ossible value of bit when 
considertd apart frf)m its algebraic sign. 

Similarly, for a given Binall increment k and arbitrary small 
increments / and h the least possible value of iw, or the value 


that np])roaehcs nearest to zero, is hit = 





and fur n given increment I and arbitrary increments h and /•, 


it is hu = 



^Ve also lu re eonelnde that the eojulltions of rnavimn or 
minima, with respect to the valiu‘ of the function v, will be 
fhTmitely indicated by the values of the angles r/j, eji', cf/' given 
liy e(|nnlions (.*i). These conditions will he: 

1. 1'hat the values of the angles he real. 

‘2. That their relative magnitudes he such ns to admit of 
being niaile the sides of a spherical triangle, which will simply 
naptire the value of each of them to he less than half their 
sum. 

For functions of two varialdes there will he mdyone angle (/>, 
and the analogous condition will oidy re^jniie that the value of 
this angh* l)e nal. Also the values of ce nearest to zero for a 
given vnhie of /< with k arhitrnry and h>r a^ given vadue of 

I: with h arl)itrnry will then he hu = ^ ^ sin-</) and 

*Tlu' form <»f the condition (4), for three variables, is erpiiva- 
lent to th.nt first <^htained, since (All — r')t A(' — />- ) — {\a~- be)' 
= A(ABF— An"-- !*/»* — (’r- -f >(t, which dividtsl by 

the positive factor .\ HC gives ( 1). Also when the values fulfd 
the romlition ( 1) and any one of the three conditions AI1> C', 
BC > a~, AC > //■’, the other two will necessarily follow, 
la eotu'lnsion, it may he as well to observe that the conditions 
and criteria of matvimn and minima here investigatr d, though 
occasionally indispensable, are not often required, as the general 
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circumstances are in most cases sufficiently indicated in the 
nature of tlie problem, and it is then only requisite to solve 

the equations ^ Oy) ” ~ determi- 

nation of the variables. 


CHAPTER VII. 

PROrLRTIKS OF PLANE CURVES. 

1. Quadrature and IlectiJicatiuH. 

(70.) The tb(‘<»ry of plane curve lines forms a leading subjeet. 
in Analytical Geometry of Two Dimensions, and the investi- 
gation of tlu' Aarions properties is generally found to be eoj»- 
venient and symmetrical when the positions are referred to 
rectangular coordinate axes. 

In the annexed di.agram let Oj*, ()y represent the j>osilive 
directions of the axes; then, ()D — .r, 

DP = y being the two eof>rdinn(es of tiie 
point P, tb(? curve Avbieb is the locus of V 
is determined by an ((piation 

y = </>( r), or^/lx, y) =r 0. 

Suppo'-e j* and y to receive the inen nients A.r and A?/, ami 
let tlie new coordinates OD' = x Xr, D'ti — y -f ^y de- 
tenninc a ^evond judat (b so tliat DD' — P(r = Xr and 
GQ=:Ay. Then if A denote the functi<»n Avlneb expresses 
the value of tlie area eontained between the ortliimie, (be 
curve, and the rixi.-» of j', the curvilinear area between the two 
ordinates DP, D'(i will geomctrienlly represent the Aaliie of 
aA, and it is evident from the diagram that this Aahie of aA 
will be convprised betAvecn the tAvo netangles yAr and 
(y -f Ay)Ar, being greater than one and less than the other; 

is comprised between y and y + Ay. licnee, procecd- 
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ing to the continuous values at the limit when Aar = 0, wo 
obtain 



As this relation must correspond with the differentiation of 
A as a function of x, it is evident that the determination of A 
from it will be the inverse process to that of differentiation. 
This inverse process is called Integration, and is usually 
indicated by prefixing the symbol thus 

A ’=^fydx. 

The method of obtaining the value of this integral is the 
province of tlic Integral Calculus; and, when taken between 
given limits, it will express the area contained between the 
corresponding ordinates. 

(71.) Again, let it be required to express, by means of 
infinitesimals, the area contained between the curve, two given 
ordinates yo* j/mi and the axis of j*. 

Suppose a number — 1 of equidistant ordinates y,, y,, 
y, , . . . ym-t to be inserted between them, and let dx be the 

common difference of the abscisses or,, x, x^- For 

brevity let (y^ y,) (j^enote the portion of area contained 
between y^, the axis of x and the cune, and the same 
for the other ordinates. Then it is evident that 


(y oVi) will be comprised between y^dx and y,dx 

(y.y,) .. .. .. 

(y,y,) .. .. „ y,i* 

&c. &c. &c. 

(ym^iym) » » >t ym-ldx „ ymdx» 

licnee, if 


Jydx=zy^dx + y,ctr + y»d> + djr, 

the sum of these relations proves that the totaTarea (y^ym) will 
be comprised between lydx and 2yd* + (jr«» — 
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If we now suppose the number « — I of intermediate 
ordinates to be increased without limit, dx and (y*» — y^) dx 
will decrease without limit, and therefore 2y</jr will approxi- 
mate to the proposed curvilinear area as its utmost limit; 
that is, 

A = Sydr. 

But we have seen that this curvilinear area is expressed by 
the integral /yds. Therefore 

fydx-=- lydx. 

Hence it appears that every integral /yds expresses that 
value to which 2ydx approximates as its ultimate limit, on 
increasing indefinitely the number of subdivisions dx, both 
being estimated between the same limiting values of x. This 
character of an integral presents to the mind a c lear view as 
to the result of a process of integration, and the area of a curve 
offers the most simple geometrical representation of the pro- 
cess. When dx is taken indefinitely small so as to be con- 
sidered as an infinitesimal, called an element of jr, each of the 
terms yds of lydx in a similar element of the area; and wo 
have shown that the nearer the values of these elements are 
taken to zero, the more accurately will they represent the 
relative changes of their respective primitive cpiantities, and 
the more accurately will a succession of them comfiose those 
r|uantities so as to form a continuous result. The idea of 
elements greatly facilitates our reasonings in the higher 
applications of the Differential and Integral Calculus, and 
gives to the mind the most ample scope in geometrical and 
physical researches, whilst a strict adherence either to the 
principle of derived functions or to what is usually called the 
theory of limits, which some authors rigidly contend for, 
would render many investigations exceedingly cramped, and 
others almost impossible. 

(72.) If a right line rs which passes through the two points 
P and Q be supposed to revolve about the point P so that the 
intersection Q with the curve may proceed towards P, it has 
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been shown, art. (9), tliat when the point Q arrives at the 
point P or when the distance PQ becomes an infinitesimal, 
the corresponding continuous }>osition of the line rs will 
ultimately coincide with the tangent TP which touches the 
curve at the jjoint P, and that the infinitesimal line PQ 
becomes then an element of the arc of the cnr\e. These 
considerations are equivalent to that of concei^ing the tangent 
to he a line which passes through two }K»iiits of tlic curve 
that are infinitely near to each other. Let a denote the Lngth 
of tlic arc from a given point in the curve to the jK)int P; 
then will rfr, r/i/, and tis symbolize the rehitive infinitesimal 
values of PG, GQ, and pQ. But PQ2 = PG* + G(^^ 

= dx^ -f dy“ 

and s = J* s/ dx'^ dy^ = J^dx 1 4 • 

"When y is known as a function of x, explicit or implicit, 
this expression penes to determine tlie length or rcetifK’ation 
of the curve; but the inverse operation of intej:ration, indi- 
cated by/, will require tlie aid of the integral calculus. 


II. 7'angent and yorwnL 

(/.'!.) Let <o denote the angle PTJ) or tiic iiiclination of the 
tangent with the axis of x; then, from what jtrecedcs, we 
have, as before deduced in art. (9), 

dy 

tan w — 

ax 


If a, ^ he the coordinates of any point in the tangent PT, 
this gives 


a ~ X dx* 

therefore the equation to the tangent is 


T 



B 


A U !• > 


The normal PN being perpendicular to the tangent, if a', & 
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be tlie coordinates of any of its points, its equation is hence 

' Hence if denote the perpendicular Oil from the origin 
upon the tangent and p' = PII that upon the normal, ve 
sliall have 


xd y —ydx 
ds 


P = 


xdx ydy 
ds 


Also, if a", jS" ho tlie coordinates of any point in tlje line 
on drawn tljrough the origin j>erpendicular to the tangent, 
the cfjuation to this line is 


^'= - 



Again, since tan <0 


and =: tfa® + dy % we bare 
ctx 


fix , . (It/ 

cos CD = — , and sin cu = -^1 ; 
ds ds 


PT = tangent = -J— 
sin oi 


y ds 

V' 


PX = normal = -*-~ 
cos u) 


y ds 
dx ’ 


DT = subtangent = = V , 

tan CD dij 

I)X = subnormal = y tan a> = , 

dx 

(/•I.) When the equation of the curve is of the form 
a = f{Xt y) = 0 , tlio differential elements dx, dy will be 
connected by the corresponding differential equation 

Therefore the elements dx^ dy, and ds will have the same 
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mutual proportions as the respective quantities 

and by replacing them by these quantities the preceding 
relations, and any formulee involving the ratios of the elements, 
will then become adapted to the case in which y b an implicit 
function of x. 

The equation to the tangent ^ under this form, is thus 

and it is therefore to be practically obtained by this simple rule : 
Differentiate the given equation of the curve, « = /(x, y) = 0, 
and write a — x, — y in place of e/x and i/y. 

Also the equation of the normal is 

JExampJe . — The equation to an ellipse when referred to its 



By differentiating, this gives <Zr -f = 0 ; 


dy 'h^x ds -h A'*x'** 

* ' dx a*y* dr a^y * 

dx \/a*y‘^ -f 

dy b^x * 

. . ysja^y'^-^h^ , n/oV® -f- 6*x^ 

tangent = ^ , normal = ^ » 

subtangent = — subnormal = — ~ x. 
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Alto, the equation to the tangent it 

fa(»-*)+p(^-y) = 0. <»'fa“ + p^ = l5 

and the equation to the normal is 

^ (a' — x) — — y) = ^ ^ ~ 0*-“ 

iir. Asymptotes. 

(75.) Two curves or a cune and straight line arc mutually 
asymptotic when they continually approach indefinitely nearer 
and nearer to each other, hut do not rnei‘t at any finite distance. 
By an asymptote to a cun e we generally understand a straight 
line, such that if it and the cune be indefinitely continued 
they will thus continually approach each other but never 
meet. It may therefore be considered ns a determinate 
tangent to the curve when the point of contact is removed 
to an infinite distance. 

The position of the tangent to the curve is geometrically 
determined when the intercepts OT, of the coordinate 
axes arc known. 

In the equation of the tangent, 
art. (73), make 3 = 0, and we shall 
find the intercept of the axis of x, 
between the origin and the tangent, 
to be* 

ay ay 

Also, by making a = 0 we similarly find the corre8fK)nding 
intercept of the axis of y to be 

* In the diagram, OT being ia the contraiy direction to Ox umat be 
aoooonted a negative quantitj, and equal to OD~DT. 
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If, when X = cc or y = cjD , either of these values of and 

should be finite, the curve will have one or more asymptotes 
which will thence l»e determined. 

When is infinite and finite the asymptote is parallel to 
the axis of x. 

Wlicn oq is finite and /3y infinite the asymptote is parallel to 
tlic axis of y. 

When 0 y and are hath finite the a*;yinptotc passes throngh 
the two determined points T, t. 

When the values of and arc hath = 0 the asymptote 
passes through the origin, and its direction will be determined 

hy the value of when x = ao or y = x . 

But when the a nines of a^^ and are both of them infinite^ 
the tangent is at an infinite distance from the origin, cannot 
be constructed, and is not nn asymptote. 

The asymptotic branches of the eur\e will, with few ex- 
ceptions, be analogous to one or other of the forms exhibited 
in the annexed diagrams, and will only differ with respect to 
relative situation. 



Tliese diagrams, for example, may he considered to represent 
the general features of the res[>ectivc ciincs determined by 
the equations 


/ a -h X a '^ , 


When the axes of coordinates or lines parallel to them are 
asymptotes to a curve, the circumstance will at once be 
indicated as follows : 

If, when y ss 0, X == 00 , the axis of x it an asymptote ; and 
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if, when 0 * = 0, y = X , the axis of y is an asymptote. Such 
is the ca'C with the cunc whose equation is xy = 

If, wlicu y = 6, X = X, a line |mrallel to the axis of x, at 
the clistaiii o \j = 6, is an asymptote ; and if when x = a, 
1 / = X , a line paralh'l to the axis of y, at the distnnee x = «, 
is an asym{)tot(‘. Such is the case when the etpmtiou is 
xy — <7// ~ hx — 

In oiher eae'* tlie position of the asymptotic tnnpent, if any 
siicli {*\i>t, will he aseertaincjl hy deterunning as before the 
valtu s of the iiitercej)t.s a,) and 

(7d.) The practical calenlation of the values of 
oftlie {'(juation to the asymptote may he considerably facilitated 
by pulling the expressions under the following form: 




Now since ~ — ^ =r where a, 3 are the coordinates of any 

point whatever in the tangent, if when x = x , y = x this 
tangent he an n«ymptote and pass at n finite distance from the 
origin, tin's point can be taken so that a and ^ shall he both 


finite, and the relation then gives 


y __ ‘'y 


Let tlicrefore ■ 


= / and = r ; then : 


, and the equation to the tan- 


gent when it becomes an asymptote is y = 3o d- ^ x = 

T tx. Hence the following easy rule : 

In the given equation of the curve substitute ^ 

f/ ~ \ and, after reducing the equation so obtained in t and r, 

determine from this equation the values of and ss ^ 
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Rrben r is made to vanish ; then, if the value of be finite, 
the equation to the required asymptote is 

y = <0^ + /Se- 
lf by making ^ = oo we obtain a finite corresponding value 
of c, this will determine au asymptote parallel to the axis of y 

at the distance x = i- 

V 

Example 1 . — Let the equation to the curve be jy— -ay— ix 

= 0 ; then substituting i and - for x and y, and reducing, we 
V v 

obtain 

, ^ dt at b 

or/— ir=0, /3 = -j- = — • 

dv 1— OP 


Therefore, making r = 0, we get ^ /^o ~ 

the equation of the asymptote is y = h, indicating that it is 
parallel to the axis of x at this distance. 


By making t = ao 


. 1 
wc get r = - ; 


x = c is another 


as\-mptote and is parallel to the axis of y. 

Example 2. — Let -f- x^ — axy = 0 ; then substituting as 

before wc get 


+ 1 — a^P = 0, 


df at 

dv ~ 3^^— on ’ 


Hence making r = 0 wc obtain — 1 and ~ , 

and the equation to the required asymptote is therefore 

a 

3. The curve (x-f l)y = {x~l)x has an asymptote de- 
termined by the equation y = x— 2. 

4. The curve y=* -- ax^ 4- x* = 0 has an asymptote deter- 
mined by y = ^ ^ F. 

5. The curve y*— 2xy* -t- x’y = c* has two asymptotes^ 
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ru, the of or mud the line y =£ x, which makes equal angles 
with the coordbate axes. 

6. The cune jy'>^ — y = x* + 2 ax* -f ^>x + c has three 
asymptotes, viz. tlie axis of y and the two lines y = x -f- a and 

y SS — X — a. 


IV. Circle of Cwrea^Mre. 

(77.) A tangent to a cune may be conctMved to be a line 
drawn through two of its points which are indefinitely near to 
each other ; and these points being considered as the extremi- 
ties of a differential element of the curve, it is evident that 
the first differentials of the coordinates which appertain to 
the tangtmt will correspond with those of the curve at the 
point of contact. 

Similarly, the circle of cvrratvre or the oecnlatinff circle 
may he conceived to he that circle whit'h passes through 
three consecutive points of the curve which are iiidefiuitely 
near to each other, the position and magnitude of a circle 
being determined when three of it** }»oints are known. 

These three pt)int8 being considered as the extremities of 
two siicce.ssive differential elements <»f the curve, it is evident 
that both the first and sec'ond differentials of tlie coordinates 
which belong to the circle and cune must correspond at the 
point of contact. 

Let x", y" Im* the coordiitates of the centre of the circle, 
and x~x", y — y" will be the two lines drawn from it respect- 
ively parallel to x and y and terminating in the circumference 
at the [mint of contact j hence, denoting its radius by p, its 
equation is 

(x-.xT + (y~y'r = P*. 

Now since this circle corresponds with the cun-e at two 
other points contiguous to the [mint of contact, we may dif* 
ferentiate twice and consider the first and second differential 
of the ordinates x, y as agreebg with those of the curv'e. 

r 
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Hence differentiating, observing that in proceeding to these 
points jr", remain invariable, we get 

dx (jr—ar") + dy (y— y") = 0, 
d^x (x - x") + d^y iy—y”) + dt® = 0 ; 
where ds^ = dy-, art. (72), s denoting the length of the 
curve. The first of these two equations requires the centre of 
the circle to be situated in the normal, and the second com* 
plctes the determination of its position. Thus, from the two 
equations we deduce 

„ — dy dft‘ „ dxda'^ 

^ dy d'^x — dx dry* ^ ^ dy d'^x — dxd'^y 

Therefore, substituting these values in the equation 
= (x— x")* -f (y— we find 

_ dx® 

^ dyd-x — dxd^y‘ 

Having proceeded on the principle of general differentiation 
in obtaining this expression for the radius of curvature, we 
may hereafter assume an independent variable at pleasure. If 
we consider the axis of x to l)e horizontal, the value of the 
radius will be jKmtive when the convex side of the curve is 
presented vpwarda, and it will he nryatire when the convex 
side of the curve is presented downwards. 

(78.) The value of the radius of curvature may be otherwise 
determined by conceiving the centre of the circle to be the 
intersection of two normals drawn from 
two points which are indefinitely near 
to each otlier. Let PR, FR be two 
consecutive normals meeting in R, the t' 
centre of curvature, the element PF 
of the curve being ds. Let also two 
tangents be supposed to be drawn at P and F, the former 
making an angle •» with the axis of x. Then, as w is decreas- 
ing, the angle included by the tangents will be~*d«, and this 
must evidently be the same as that included by the normals. 
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We hATe thus PR = P'R = ^ PF s and the angle 
PRF = - A.. 

— ptUt — ds 
A ^ 

and p = - ~ . 


But, art. (78), tan • = ^ ; and hence, art. (29), 


j d tan <» 

T + tan^itf ~ 


dx 


Therefore, by substitution. 

ds^ 


. dy dy d^x-~^d*y* 


By making x the independent variable, or supposing dx to 
be constant, this becomes 

^ dxd^y J^d}y 


which is the formula mostly employed in calculating the radius 
of cunature. The meaxure of the curvature of the curve at P 

will be the reciprocal of this radius, or ^ , being the same as 
that of the circle. 

Differendating the equation dr* + dy* = d»*, we have 

dx d*x + dy tf^y = dx d^x ; 

0 = (dxd*x -f dyd^)^-^(dxd^i)K 
Adding (dy d*x» dxd^y)^ to this, the result is 
idyd*x-^dxd^y = d»*{(dV)* -f (d*y)»-(d*f)*} 
A* 
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and, making # the independent variable, this becomes 

rfg* 

'' “ v'{(rfV+ ^7}’ 

which is a sjTnmetrical form of expression for the radius of 
curvature. 

Example 1. — Find the radius of curvature at any point 

y* 

in an ellipse whose equation is ^ -f p = 1 . 

Making x the independent variable, we have 


b“X 


dx 


= - 




ay 


dx'^ 


b* 


_ (°*y' “h b^x^)^ 

. . p_ — 

Example 2. — In the cycloid, taking the verte?^ as the origin 
of coordinates, 

y = s/2 ox — j * -f a vers ~ ; 

o 


_ /'I 0 — X d^y a 

dr ^ X * dx^ x\/2ax^ x2* 

p = 2 \/2a(‘2o — X). 

Example 3. — In the parabola y- = 4mx, 

^ ^ m 

Example 4. — In the rectangular hyperbola, referred to its 

asymptotes, 2xy = o®, p =: — iL, r being the line drawn from 
«“ 

the origin to the point in the cune. 

X® 

Example 5. — In the conjugate hyperbolas -3 — ^ + 1» 


{a*y^ 4* 

* 
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jEjr«itp/e6.--Inthe alU^na^y y == -f e y, p 
Exiimple 7. — In the hyporycloid + y^ = a^, 

P = -‘3(axy)^. 

V. Ecolute and Inroiufe. 

(79.) If we suppose the point P to pass continuously 
through every point of the curve, the corresponding positions 
of the centre R of curvature will trace out another curv'c. 
This curve, which is the locus of the point R, is denominated 
the fToIute of the proposed curve, and conversely the pro]>osed 
curve is its involute. If the normal PR be supfmsed to move 
along with the point P, it is evident that the Uveus of the 
consecutive intersections R will Iw that curve to which the 
normal is always a tangent. This is rendered still further 
evident by considering it inversely : thus, by stipposing a 
tangent to roll over a curve line, its successive indefinite inter- 
sections will obviously be the points of contact and therefore 
trace out the same curve. Hence n tangent drawn to the 
evolutc at any j>oint coincides with the radius of the osculating 
circle drawn to the point of contact. The equation of this 
tangent, art. (73), gives 

dy" (x — x') — dx" (y — y") = 0. 

Differentiate the equation 

(x ~ jry + (y - y")2 = P*, 
supposing x", and p to vary, and we have 

(dr — dx") (X — x") -h (dy — rfy") (y —}/')^pdp\ 

but, }/' appertaining to the normal of the curve at the point 
xy, we have by its equation 

*(■»-*") + — /') = 0 , 
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which rejected and the signs changed, we get 

-h dy^' (y ^ y«) = - pdp. 

From this and the preceding equation to the tangent to the 
evolute we find 

X-4r"= y_y'' = _prfp^. 

where d' being the arc of the evolute 

from any given point. 

These values of x — x" and y — y" being substituted in the 
equation = (x — x")* + (y — y")®, we get 

p* = p* o** dd'^ = dp^ ; 
d»" = dp 

where p^ is the radius of curvature corresponding to the given 
point from which d' is estimated. 

Hence the length of the arc of the evolute between any two 
points is equal to the difference between the radii of the 
eorresjM)nding osculating circles. 

From this elegant property it follows that the original curve 
may he described by the unwinding of an inexteusible thread 
from off the evolute. Thus if the normal or radius of 
curvature AQ he conceived to be a thread extending round 
the evolute QK, it is obvious that 
by unwinding this thread, keeping 
AQ always stretched, the point A 
will trace out the cur\'e AB, and 
the unwound portion of the thread 
having passed from AQ to PU, 
the intercepted arc QR of the 
evolute will be equal to P R — A Q. 

Considering the evolute as a primitive emrve, its inwdmte is 
thus described. 

(80.) For the determination of the eejuation of the evolute 
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to iny proposed cunre we hare, art. (77), the following ex- 
preamons for the coordinates of the point R or of the centre 
of curvature, via. 

y'=, + — - - = , + p*. 

dyd^x — tUd^y ^ ds 

„ dxds^ 

^ — '‘dt' 

or, making x the independent variable, 


dxd^y dx 


dx^ 


„ ds^ 

y' => + j5j=y + 


, , rfy* 

_?! 

dx^ 


By means of these and the equation of the curve A B, if the 
ordinates xy and their differentials admit of being eliminated 
an equation will thence be found expressing the relation 
between x" and y", and will be that of the evolute. 

Let the equation of the evolute l>e given to find that of its 
involutes ; then since p = s' and dp = ds", the values of 
X — x”, y — y", art, (79), give 

.dy 


r = y' 




y = y" - Oo -f d’) 


dd' 


which being calculated in terms of x" and y", if these variables 
can be eliminated, the resulting equation in x and y will be 
the required equation to the involutes, p^ being an arbitrary 
constant. 

Example 1. — Determine the evolute of the Ellipse whose 
equation is 

X* V* 

^5 + 65 =*- 

Taking x as the independent variable, 
dy h^x d^y b* 
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andy"=~‘^,--y»; 

•■•' = “ y = - *(<,2*1 42)* ‘•y snbstitu- 

tion the required equation of the e volute is 


-f = (o* — 

Example 2. — The evolute to the parabola y* = 4»tjr is the 
semirubical parabola 27 my'^ = 4 (jr" — 2»i)^. 

Example 3. — The evolute to the rectangular hyperbola 

ry = a- is (jt" -f y")^ — (x" — y'')'^ = (4fl)^. 

x2 

Example 4 . — The evolute to the hyperbola —5 — ^ = 1 

a* 6* 

is — (^^y")^ = (a^ + 

Example r>. — The evolute to the cycloid y = V2ax — 
q- a vers ~ ^ is a cycloid equal to the original one, but in an 
inverse position. 


VI. Posit ion of Coneexity. 

(8 1 .) As before, let w denote the angle which the tangent to 
the curve at the jKiiiit xy makes with the axis of x; then, 
art. (73), 

dy 

tan •» s= - - • 
cur 

For the purpose of conveniently expressing the relative 
positions, let tlie axis of x he considered to be horizontal, and 
that of y vertical, the positive direction of x being to the 
right hand and the positive direction of y being upwards. 
Then the tangent Ijeing supposed to he drawn in the peysitive 
direction with respect to the axis of x, its inclination (•) 
with the horizontal will he 


upwards 

downwards 


when tan •> = 


dy . f positive, 
rfx \ negative. 
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-irD 




Now, when the cnirve at the point P, as in the diagram, has 
its ccmrex side upwards, the angle m 
thus estimated will evidently derraue 

as jr inerea9€»; will be ae- 

ax 

ffaiivt. 

Also, when the convex side of the 
curve IS downwards, the angle m will increaxt as x incr eases t 

or will be posHiee. 

dr 

Tlie position of convexity is tlierefore tlius determined : 

, f negative 1 . . , f upwards. 

(is* L positive J t downwards. 

In a similar manner the position of convexity with respect 

to the vertical will be detcriiiincd by the algebraic sign of 

or o( dy dim m i and 
dy 


(is ds^ I negative j t 


to the right hand 
to the left hand. 


v 1 1 . Points of Inflexion. 

(82.) Wlien a curve is convex downwards, or in any other 
direction, and becomes afterwards convex in the ojiposite 
direction, it must have passed a jKiint of contrary flexure in 
the vicinity of whii li tlie curve will reseinble the middle tuni 
of the letter S- In passing through one of these points, the 
(P%4 

second differential coeilieienl -- , which detennines the posi- 
dx* 

tion of convexity upwards or downwards, must change its 
algebraic sign, and its value must therefore pass through 

0 or 1 . 

0 

The condition for determining a point of contrary flexure or 
point of inflexion is therefore 
rfV 
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If the value of at this point pass through — 0 +, the 

inflexion will he of the character represented Ditgram 1. 
in diagram 1 ; and if it pass through +0 — . y 
it will be as exhibited in diagram 2. These 
two forms will represent all cases of inflexion 
if they are only placed in different positions 
with respect to the coordinate axes. It is ^ 
also obvious that the value of the angle a, 
which the tangent RS makes with the axis of x, will be a 
minimum in diagram 1, and a maximum 
in diagram 2. 

The expression, art. (78), for determining 

the radius of curvature p, contains ~.y. in 

di‘^ 

the denominator. Therefore when 

dx^ 

passes through 0 and changes its sign, the value of the radius 
p w’ill also change sign by jmssing through i. Hence the 

reason why the formula referred to exf>re88es the value of p 
when the convex side of the cur%*e is upwards, and gives to p 
a negative value when the convexity is downwards. Also as 
these radii are drawn in opposite directions, the centres of 
curvature being on opposite sides of the curve, this is in 
strict conformity with the usual geometrical interpretation of 
the sjTnbols -h and — . 

Example . — The Witch xtf ^ 2a{2ax — has two points 
of inflexion determined by x = y = | ^ V^. 

(83.) Note , — When the equation to the curve is given in 
the implicit form m = /(x, y) = 0 the values of the differential 


Diagram 2. 




coeflicients, 


dy d^y 
djp dx^ 


of y with respect to x, used in the 


preceding formula?, arts. (75) to (82), will require some 
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prdiminArj oilctilatioii. The cootidentkm reouired for thn 
maf be obnated by expresting the fonnule in terms of the 
partial differential eoeffieienta of the function y). 

To effect this, the aucceasiTe differentiation of the equation 
at 0, art. (38), making x the independent xariable and 
= 0, gives 

(c)* + (5)* = » 

(ft)'-’ 

which arc the relations connectine; the ^ulucs of ^ and 

dx dx^ 

with those of the ^mrtial differential coefficients of t4. Hence 
we obtain 



The substitution of these values will accomplish the recpiisitc 
transformation. For example, the expression for the radius 
of curvature, art. ( 78 ), becomes 
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which is necessarilj sjminetncal with respect to the co- 
ordinates. 

The corresponding transformation of other formulae is 
obvious and may be here left to the student. 


VIII. Multiple Points. 

(Bd.) A multiple point is a point in which two or more 
branches of a curve meet or intersect. If it is common to 
two branches of the curve it is called a double point; if it is 
the concourse of three branches it is called a triple pointy &c. 

At a multifile jioint there will be a tangent to each branch 
of the curve that passes through it, and therefore the dif- 
ferential coefficient which determines the fxisition of the 
dx 

tangent, must admit of corresponding multiple values. In 
this case the expression for deduced from the etfualion 


of the curve, will take the indeterminate form and its 

multiple values may be obtained by either of the methods 
given in arts. (G\) and (62). 

I^t n = /(x, 1 /) = 0 he the eipiation to the curve ; then, 
art. (61), the coiulitions for a multifile point will be 


« = 0 . 




and if, for the values of x and y which simultaneously fulfil 
these equations, the second fiartial differential ctiefficients do 
not all vanish, the juiint will be double and the values of 

a =r will be determined by the quadratic equation 

For the convenience of abbreviation, let this be denoted by 
(A) -f 2(c)a 4- (B)o* = 0 ; 
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then the two ralues of a will be 

g 4 A B 

g 

We mar hence, according to the nature of these roots of the 
quadratic, distinguish tliree classes of double points : 

I. If the two roots or ^-alues of a be real and unequal, the 
two branches of the cur\'e will take 
different directions, and the point 
will be a point of intersection or 
rffil double pinnt as representwl in 
diagrams 1 and 2. These and the 
following diagrams may be placed 
in any jiositioii with res|>ect to the axes of coordinates. 

II. If the values of a be equal, the two brauebes of the 
curve will have a common tangent, a»ul therefore also have 
mutual contact at the point under consideration. In this 
case if the convexities of the two branches 
l»e situated on opposite sides, the contact 
will be extcrfial, as shown in diairrain .'1, 
and the point is called a jw)iut of contact 
of the hind or point of emhraMement ; 
and if the convexities lie in tlie same 
direction the contact will l»e internal, as in 
diagram 4, and the point is then colled a point of contact of 
the second hind or joiint of osculation. 

If, however, the value of c* — AB under 
the radical, which vanishes at the point P, 
should change its sign and liecoine nega- 
tive on one side of the point, the cor- 
responding value of a will be unreal, and 
therefore the two branches of the curve will be restricted to 
one side of the point, which is then denominated a cusp. 
As before, if the convexities of the two branches lie in con- 
trary directions, the cusp it of the Jirst kind, as shown in 


Diagrtm i. 



o Jf 


Disgraiu 



o # 


DUgnui) 1. Diagram 2, 

SL(yo 
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diagram 5 ; and if the convexities are in the same direction 
it is of the second kind, as shown in dia- 
gram 6. y 

HI. If the values of a he unreal, then no 
real branch of the curve can pass through 
or meet the proposed point, which, being 
thus detached from its associated curve line, o 

is in such case called an isolated or conjugate point. 

(85.) The analytical criteria for discrimi- 
nating the character of a double point are Diagram 6. 
therefore as follows : - , 


Diagram 5. 



the point is an intersection of two branches 
is a real double point. 



a 


of the curve and 


II. Wlicn 


XdTdy) if>OforpoinU 


immediately preceding and following, it is a contact of two 
branches ; if of different signs at these points, it is a cusp. 
I'he contact or cusp will be of the frst or second kind 

according as for the two branches lias different signs or 


the same sign. If ^ = 0, this will indicate an infiexicm. 
or eonjugate point. 

It is easy to extend the proceai to higher orders of multi, 
plicity. If, for the values of x and y which fidfil the 

equations a = 0.(g) = 0. (^) = 0j 

{dP) ~ (^) (^) = 0. and the third pti^ 
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till differentiftl coeiKcients do not vanish* then the values of a 
will be the roota of the cubic equation 

+ *’(y) ="• 

If the three roots of this equation be real and unequal, the 
point will be an intersection of tlirt*c branches or a real triple 
poinit of wliich the point P in the annexed diagram, No. 7, is 
an example. 

If two of the roots be eqnal, it will be a 
point of eontaet and intereeetion ; if the three 
roots be equal, it will be a point of double 
contacts but if the equation contain a pair of 
unreal roots, then only one real branch of the cim e passes 
through the point, and it is therefore in that case not a real 
triple point. 

Should the point P be a qumlrttple point, as in diagram 8, 
the third partial differential coeftirients will 
also vanish, and the values of a will be deter- 
mined in like manner by an equation of the 
fourth degree. 

Since an algebraic eepmtion of otld dimen- 
sions must necessarily have at least one real 
root, it is evident that a conjugate point can only occur when 
the degree of multiplicity is even. 

(86.) An examination of the character of multiplicity of 
any proposed point of a curve may in general be more readily 
effected by a method analogous to that given in art. (^2), for 

determining multiple values of when of the form and 
djc 0 

which we shall here repeat with a slight modification. 

Let the coordinates of the point P be x = a, y = A ; then 
if in the equation of the cune x and y be replaced by a -f y, 

6 -h y, we shall have an equation in which j/, y are now the 
coordinates of any other point F in the curve estimated from 
the proposed point P as a new origin. In this equation make 



Diagram 7. 
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y' = /5 y ; then dividing throughout by the power of ^ thst 
insy be common to the several terms, we shall obtain an ’ 
equation 

0 , 


in which /3 will denote ^ or the tangent of the angle which 

the chord PP* makes with jr'. and when a! is made = 0 the 
corresponding values of given by this equation will evidently 

be those of and the number of such values will, as before, 
dx 

determine the multiplicity of the point. 

Also, by giving to ^ a small positive or a small negative 
value, we may ascertain the number and situation of the 
corresponding points F in the immediate vicinity of P on 
either side. 

Since y'=: /9x' we have, by differentiating with x' as the 
independent variable, 


tU' 




-f X 


,dfi 
* . » 

dj: 




' djd 




tlierefore at the point P, where y = 0, 

dr'- ~ ~\dx' )«' 


The first of these shows that the values of li when x' = 0 

arc those of ~ , as before stated ; the second will determine 
(lx 

the positions of convexity by art. (81) or the radii of curvature 
by art. (78) if required, the formula for the latter beiug 


0 ^o®) 

\d^. 


The nature of each separate branch of the curve may, 
however, he easily made known by comparing with 3^ the two 
values of 3 which correspond to small positive and negative 



PROPKIITTES OP PZ^NK CITKTBS. 


137 


tbIum of/. Thus, if O — / continues to be positiTC, the 

convexity is evidently dowuwanis ; if it continue to be negative, 
the convexity is upwards ; and if it change sign with p, the 
point b one of inflexion. 

Example 1. — Let x^ — ojr^y -f hy^ = 0, and determine the 
nature of the point at the origin where x = 0, y = 0. 

Here 

(*).-.»■ + Sty* “"l 




Therefore the equation for determining the values of a 

- U 


dx 


— 6aa + 66a''’ = 0, or Oa == 0 ; 


the roots of wliich are a = 0, and a = + 



hereforc 


the point is a real triple point similar to that simwn in 
diagram 7. 

Otherwise, the origin being already situated at the pro- 
posed point P, substitute y = fix, and x^-ax’^fi-^bx^fi^ 
= 0, which divided by x^ gives x— a/3 -j> b^^ = 0. Hence, 

at the origin, — 0/9 -j- 6/3* = 0 ; /9 = 0 and = ± \/ 7, 

^ 6 

and the point b a real triple point. 

Example 2. — The equation being ay* + 6x* — x* = 0, 
required the nature of the point at the origin. 

Substitute /3x for y and divide by x* ; then, a^* -f 6 

-* X = 0 ; /3* = — — and at the origin, x s= 0 and 
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3o » \/— - » which being unreal, the point is deUched from 
a 

its eurve, and is a conjugate point. 

ErampU 3. — The curve (ay— x*)*(fl* -f jr*) — «*«*** ar 0 
psases through the origin ; it is required to find the nature of 
this point. 

Substitute, as before, y =; /9x ; then, dividing by a’, we 
(a$ - »)« («* + x») - mU'x* = 0 ; . . p = 

o V a' -f* X* 

At the origin = 0, and, as the double values of /9 here 
merge into one, the two branches have mutual contact with 
the axis of x at this point. Differentiating the value of ^ wc 
have also 


' 4. _ 1 ± m 

dx a ”” -f \^/o ~ ® 

Therefore, if m > 1 , the convexities lie in opposite directions 
and the contact is external ; if m < 1, the contact is intemai, 
or a point of osculation, and the two branches have their con- 
vexities presented downwards ; and in either case the two radii 


of curvature are = 

Example 4 , — ^The curve whose equation is 4f®--iy®=0 
has a double point at the origin, and the directions of the 


branches are determined by = 



Example 5. — The cune (a*— x®) y (o^ + x®)x® = 0 has 
a doable point at the origin, and ^ 1, or the branches 
make equal angles with the axes of coordinates. 

Example 6.— The Lemniscate (x* -h y*)* — a®(x*— y*) as 0 
has a double point at the origin, and the branches make equal 
angles with the axes. 

Example 7. — D 6 (y — x)* — x* = 0, the origin will be 
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• eutp of the Unt kind, the comman tangent making equal 
aflgkfi with the axes. 

Brample S. — If or* + a*x*— A*y* « 0, the origin will be a 
ettsp of the first kind touching the axis of jt. 

Ksmwqde 9. — In the Ciaaoid y*(2a~4f)— jr* s= 0, the origin 
is a cusp of the first kind also touching the axis of x. 

Ejtomple 10. — If (ay — «x— x*)*— x* = 0, tlie origin will be 
a cusp of the second kind, with the two convexities down* 
wards E<^d the common tangent making equal angles with the 
coordinate axes ; also tlie brauches at this point will have 
the same centre of curvature, the common radius being 
as—aVi, so tliat the contact is of the second order. 

Ejnmplt 11. — The evolute to the ellipse, example I, art. 

( 80 ), 

(ox)^ -f (^y)^ = (a^ — 6*)^ 
has four cusps of the first kind at the point! 

X = 0, y = + — and y =0, x = ± — 


IX. Tracing of Curvet. 

(87.) The equation of a cunc being given, it is sometimes 
required to develop its particular structure, peculiarities of 
form, and geueral character. Such an investigation is usually 
called diteutting or tracing a curve from its equation, and 
only requires the practical application of the preceding for- 
mulae. It will be sufficient here to indicate the chief [K)tnts 
that should engage attention. 

I. If the equation be in the implicit form, it will be advisable, 
if practicable, to solve it with respect to one of the variables, 
provided the result be in a convenient form for calculation. 

By first making y = 0 and then x = 0, we shall ascertain if 
the curve crosses the axes and the positions (X|^ 0), (0, y^ 
of the points of intersection. Abo, by assigning to one of the 
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Ttriableg a series of positire valoes from 0 to go, and of 
negatiTe values from 0 to — x , and calculating the correspond- 
ing values of the other variable, we shall be enabled to follow 
the course of the curve, and to discover if it has any infinite 
branches. In all these calculations both positive and negative 
results should lie carefully included, so as to obtain the com- 
plete branches' of the curve. 

II. Should the curve possess any infinite branches, ascertain 
if they have asymptotes and determine their equations, and 
thence their geometrical positions. 

III. Determine the value of and from it deducethe maxi- 

ds 

mum and minimum values of x and y, and the angles at which 
the curve cuts the axes, &c. 

IV. Determine the value of ^ and thence the relative posi- 
tions of convexity of the different branches, and the points of 
inflexion if there be any. 

V. Should the expression for for particular values of the 

variables, become of the form determine the nature of the 

corresponding multiple points. 

Note. — In some esses the character of a curve can be 
discussed with gn'ater facility when its equation is transformed 
into {K>lar coordinates. See the following Chapter. 

X. Envelopes. 

(88.) Let the equation to a system or family of curves be 
denoted by 

where a ia a variable parameter wliich is only constant for 
each curve. For each specific value of a the equation will be 
that of a determinate curve ; and when o \*aries oontiDuously 
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1 wiH determine a continuous succeaaion of curves, the position 
ind character of each of which will differ but little from 
that which precedes it. 

Let 

a) =0. 

r, =/(jr, y, a -h da) = 0, 

U , = /{jCf y, a -f 2do) = 0, 

be three consecutive curves in tliis series, and suppose P to be 
a point in which the cunes and U, inutually intersect, 
and P the corresponding |M»int in which U, and IJ, intersect. 
Tlien. since the two points P, P are both sit anted in the curve 
V,, it is evident that the cune which is the Kh’Us of the 
)K>ints P will have the element of its nrc, PP' = rfj», co- 
indding with an c<)ual element of the curve Therefore 

the curve tractnl by the intersection P will have conloi’t with 
the entire family of curves P, and it is hence called the 
enrtdope of the system. 

The envelo|)e to the family of curves P is therefore to he 
found by determining the locus of the point of intersection of 
two i'oiiMTUtive curves taken iiidetiiiitely near to each other. 
lA*t X, y he the C(K)rdinates of the point of intersection P; 
then these coordinates will fulfil both of the et|uations IJ = 0, 
P , = 0. Hence, in |iassing from U to I' , , the jwiint 1* will 
remain fixed and only a will vary, so that we must have 

©-»■ 

We have thus the two e<{uations 



from which the variable |>arBmcU‘r a being eliminated we shall 
obtain an eijuation involving x and y, the coordinates of the 
point P, which will be the equation to the envelope of the 
proposed curves U. 

‘ (^*9.) If the equation U ss:^(x, y, a) be of the first degree 
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in F and y, it will represent a system of straight lines ; and if, 
•8 the f>aranieter a varies continuously, the variable line he 
supposed to be in motion, the point P wrill obviously be the 
centre of instantaneous rotation; and its locus will be that 
curve to which the line is always a tangent. This may be 
made apparent by conceiving the envelope or the curve which 
is the locus of P to be represented by a rectilinear polygon of 
an iiideBnitc number of sides, each of these sides at the same 
time representing an infinitesimal element tU of the curve. 
The sides produced will represent tangents to the curve, 
and the angular points will evidently be the intersections of 
consecutive tangents. 

This property of a curve being generated by the ultimate 
intersections of a series of lines determined by a given law 
may be further instanced in the evolute to a curve. Since, 
art. (79), the normal drawn to a cur\’e at any point is always 
a tangent to the evolute, it is evident that the evolute will be 
the envelojkc to all thr normals, in the same way that a curve 
is the envelo|>c to all its tangents. 

Example I, — Find the envelope to the system of lines 

determined by the equation f q. = 1 , where a and are 
a & 

variable parameters subject to the condition 

By differentiating the equations with respect to the para> 
meters, we have 

3 da a d3 = 0, 

^ V 1 

from which eliminatiiig da, 4^, we get ~ ^ or a = 2jr, 

a fi '2 

3s=2y. These substituted in we have for the 

envelope the equation jry = m*, which is that of a hyperbola 
referred to ila asymptotes. 

EsmmpU 2. — ^Tbe equation to an ellipse being .p ^ ^ s 1, 
that of the normal drawn through the pomt is, exaaiple 
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«t. (74). •!* 



3*; detennine the envelope to 


ell these normele. 

The two rerieblc parminetert y, / may be reduced to one 
bjr DUtking y = a coe a. y = 6 ftin a i then, putting c^ = a*— 6®, 
we shall have 



cos a 


sin a 


r* = 0; 


and, differeniiaitiig with respect to the variable parameter o. 



From the latter equatkm, tana = — ^1^^ ; and by sub- 
stituting the corresponding values of cos a, sin a in U = 0 and 
reducing we finally obtain 

(ax)^ 4- (iy)^ = (c*)^, 

which is the evolute to the ellipse, and agrees with the result 
before obtained in art. (80). 

Example 3.— The envclojK* to the system of straight lines 
determined by the equation y = ax 4- ~ is the parabola 

a 

y* = 4iiix. 

Example 4 . — The envelope to the system of circles 
(x — « — n)* 4- y* = 4ma is also the parabola y* = 4mx. 

Example ii. — If a straight line whose length is c slide with 
its extremities upon the axes of coordinates, its variable equa- 
tion will be represented by — ^ __iL- = 1 • and the 
ecoso csiiia 

envelope, or curve to which the line is always a tangent, will 
be the hvpotrochoid x^ 4- y^ =s 
Example 6. —The parabolas described by projectiles dis- 
charged, in vacuo, from a given point with a given velocity are 
ioeiuded in the equation 4iiiy =4i»iox ~ (1 4-a*)x*j and 
the envelope to these is the parabola x* = 4iw (ss — y). 
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CHAPTER VIII. 

FORMtJLJL FOR POLAR EQUATIONS, &C. 

(90.) The system of representing positions by means of 
coordinates relative to fixed axes gives the greatest facility 
and the widest range to the applications of the analysis. It is 
on that account much employed in geometry, and almost 
exclusively in physics, to which in nearly every branch of 
inquiry it seems to be particularly adapted. In the gtHunetry 
of curve lines, however, it is sometimes convenient to in- 
vestigate the prn|W!rtie8 of certain cunes from what is called 
the polar equation, and which is especially applicable to 
curves of the spind kind. 

A fixed indefinite right line Ox, origi- 
irnting at (), is called the jwlor axu or 
prime raiHua; the fixed point O is the 
pole or origin ; any right line OP drawn 
from the pole O to a variable point P is 
called the nulius rector to that point, 
and its angle 1*0 j- with the axis the polar angle. 

The radius vwtor O P is denoted by r, and the |K)lar angle 
POx by i these evidently define the position of the |)oini P, 
which may be 8yndK)lically designatetl the point rff. 

The polar etjuation to a curve expresses a relation between 
r and 6, and is of the form 

F(r, d) =: c ; 

and, in moat cates, r may be se^Mnted so as to give the 
explicit form 
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? vaAf m moft cmc< inTolviiig the polar angle 0 under the 
orni of trigonometrical fiuirtioiA^. 

The quantities r, $ being thus made subject to an equation, 
re shall hare particular values of r for each successive value 
»f $ i and hence the point P becomes restricted to a particular 
urve determined by the equation. 

The perpendicular OH from the pole ujM>n the tangent 
leing, as before, denoted by /i, the equation to a curve is 
n some cases ad%*antagcoiuly expressed in r and p. 

(91.) Polar EquirafentM . — By taking the axis of x for the 
Kilar axis, and the origin of the rectangular efX}rdiiiBtes for 
he pole, we shall obviously have 

X = r cos 0, y = rain0; 
uid hmee also, by diiferenttation, 

dx ^ dr cos 0 — rd6 sin 
dy = dr sin -f rd$co%0 \ 

flf*x = d^rcoaO — *2drd0»m0 — rd0* cosd — rd*‘'dsind, 

d*y = d^raxuB 4- *2dr<l0coa0 — rd0^ mt\0 4- rd^^cosd. 

These values substituted in any given formula involving 
Tclangalar coordinates, will give the equivalent polar formula 
n terms of r, 6 and their ddferentials. 

The following relations are sometimes useful in dynamical 
nvestigatious : 

dx cos$ -f dy sind = dr, 
dy cosd ~ dx a\ii$ = rd^, 
d*xco8d -h d*y sin^ = d*r~rdd*, 

</*ycosd-- <Exa\n0 = rdH 4 - 2drd0 = 

r 

When 0 is taken as the independent variable, d0 will he 
constant, auid the terms containing fP0 will diiapfiear. 

(99.) Rxclificatwn. — Substituting the foregoing values of 
it^dym the equation da^ = efr^ 4 - dy^, we get 

dir* = dir* 4- r*dd*, 


o 
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and.=/<W;/(r» + ±!). 

(93.) The Talue of <2» may be immediately deduced from the 
diaf^am. Thus if OP and OF be the radii rectores, sub- 
tending the arc P P' = </# and containing the angle POF=fl?^, 
let Pw be a small arc described with the radius OP and 
meeting OF in m ; then, when the elements are infinitesimal, 
this small arc may Ijc regarded as a right line perpendicular 
to OF; also, we shall obviously have mP' =:d!r, and Pm 
= r(l $ ; 

da'^ = PFS = mF2 + Pw* = rfr* -f rW. 

Several of the subsequent fonnulae may also be obtained 
geometrically from the diagram, and the determination of 
them in this way would form useful exercises for the student. 

(91.) Pfrjtendirular on the Tangent . — The perpendicular 
OH from the origin upon the tangent being denoted byy>, 
we have, art. (73), 

xdy-ydr 
^ da 


By substituting the preceding polar equivalents, this gives 
_ r^de __ rUe 

P- ds ~ 


Cor . — If a = - ; then du i , and we obtain the neat 

r r* 



dd^' 


(96.) Sectorial Area . — Conceive two consecutive radii vee- 
tores OP = r, OP' = r -f efr to be drawn, subtending the 
element P P' da of the curve and containing the angle 
POF = dd. The sectorial element thus formed by these 
radii vectores and da may be considered as a plane triangle. 
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and the perpendicular from the origin on the opposite tide 
produced will obriouily he that on the tangent to the 
cuTTc. Therefore, p denoting this perpendicular, the area 

of the sectorial clement = ^ • Tliat is, denoting by S the 

sectorial area of the curre estimated from a gieen radius 


rector, dS = 


pds 


But, art. (94),p = - 


jrdy — ydx ___ rW 


ds 


dS 


^ rdy—ydjT r^dd 


«>d 

(96.) Inclination of the tangent with the radiut rector.-— 
Let the angle OPT included by (he tangent ai|d radius vector 
be denoted by P \ then by the diagram, ' 


p OH j 
•mP = yp = ^ 


UnP 


P_ 


c_, _ VC'*'-/)' 

Bubstituting the value of p. art. (91), these become 

p — 

am - _ _ 

p _ dr _ dr 

“ di - 


tari P = 


rdd 

dr 


Csr.— Hence wc obtain, 
dr 


rdr 



MB 
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which are here expretted in terms of the ridhis rector 
and the perpendicular on the tangent. 

(97.) Tangent and Normal. — Let a 
straight line NOT be drawn through 
the origin at right angles to the radius 
vector () l*. and intersecting the tangent 
and normal in the points T and N. 

This line we shall here designate the 
relative cuci* to the point P. It is 
evident that the (lositions of the tangent and normal with 
respect to this axis will enable us to construct them geometri- 
cally. The line PT is the polar tangent, PN is the polar 
normal, OT is the polar eubtangent, and ON is the po/ar eub- 
normal. From the angle P, determined in the last article, 
the values of these lines are immediately deduced as follows : 

PT = polar t«.gent = ^ = J • 

r S 

PN s= polar normal = = — =: t 

^ sin P « d$ 


OT = polar subtangent = r tan P = 






dr ' 


ON = polar subnormal = = - -/(r®— p*) = 

tan P p dtf 

r^dB 

OH=p=rr8inP = ^-p. 

d* 


OK =p, = r cosP = (r^—p‘) = 


rdr 


(98.) degmptotee . — If for any 6nite value of & the value of r 
becomes infinite, the radius vector does not meet the curve 
at any finite distance, and therefore it must be parallel to the 
tangent which lielongs to the corresponding point at the infinite 

r^dB 

distance. The polar subtangent OT = — will th«i become 

1 

identical with the perpendicular from the pole on the tangent, ^ 
and if its value be finite, the tangent admits of being con- 
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itmcud ind it then an asjinpU>C« to the cnrre. If tlie polar 
.salitangent = 0» the asrmptote passet through the |>ole am) 
coincides with the rmdiut vector: but if the value of the polar 
suhtangent be intimte, the tangent, being at an infinite distamHr 
from the pole, is not an asymptote. 

If the diagram be conceived to be turned round into such a 
poaitiou that tHe radius vector shall proceed from tlie pole 
towards the right hand, the rule of signs to be obicr\'e<l in the 
construction will be simply as follows : If the value of the 

polar suhtangent OT = be pottVinr, it must be measured 

downward*, and if it be negaiitt, it must be weattured upwards ; 
then the right line drawn through tlm point T parallel to tin* 
radius vector, will he the required asymptote. 

(99.) A polar cun-e may have a circular asymptote. If, 
when the value of the polar angle B is su})pf>sed to procetMl 
IKMitively or negatively to infinity, the point P recedes from 
the pole until the radius vector ultimately attains, as a 
sufierior limit, tlic finite value a ; then a circle whose centre is 
the |>ole () ami radius a will evidently l>e an exirrtor anpn- 
idoHc circle, Bui if the {mint P approaches the pole, until the 
radius vector rc^aches as an inferior limit the finite value a, the 
circle will be an inferior aeympfotie circle. 

(KKl.) Circle of Curvaiw . — The value of the radius of 
curvature obtained by general differentiation, art. (7*), is 

^ , _ 

^ — <^d*x—dtd^y 

But, using the polar equivalents, art. (91). we have 
dxrf*y = 

ifr-(<f*asintf— <f*ycos<r) + rrfd(rf®xcostf -h d«y‘»n^) 

= -dr(2dr<W-f rd^$) rde {d^r-^rd$^) 

=s— -4- 2dr*— vd*r) — *rdrd^ ; 

dr* 

dd (r W* 2dr* — rd^ryT~rdrd^0 * 


P = 
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By taking B as the independent variable, 

„ _ (dr* + 

^ *” d6{r^de^ + ‘2 dr^-r^r) de(Ad$^ -f- ^dr^-^rd^r)* 

which will be positive when the convexity ia downwards, and 
negative when it is upwards. 


If « = i ; then r = i, dr = — d*r = — 
r » «* 


2d«3 


and the expression for p reduces to the convenient form 



/, . 1 <*<»\T 

+ d6^) 

11 

4 

v| 

^ / d'-u\ 

, d’u 


u -f* 

de^ 

(101.) The value of the radius of curvature in terms of r 

and p may be found asi follows : 

Iteferring to the diagram, 

, we have the angle OPI = P, 

POI = B, and PlD = a>; 

« = P + d, and d» = rfP -f dB. 

But from the values of sin P, 

cos P, art. (96), we deduce 


^ dsinP^ rdp—-pdr 
cos P ““ r\/{r‘^--p^) 

Also, art. (9G), 


. '•dr , pdr 

dt=z ~ 7 v „ — gr; and dd= — ; 

V(r*-P*) rV(» p*) 


llcncc, art. (78), 


. ‘0’ . 


d# rdr 

d« dp 


Tills neat relation may be verified by sulistituting for dp 

r^d$ 

the differential of tiie expression p = 

result will be found to correspond with the value before 
obtained. 
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m 


^ 1. In th« lemoiacnte r» = a® cot p = — . 

^ 3r 

2. In the spiral of Archimedes r sz oB^ p := * 

3. In the reciprocal spiral « = ?, p 

a a* 

<> 

4. In the cardbid r=:fl(l — cosd), p = ^ \/2flr. 

3 

5. In the logarithmic spiral /> = mr, p = ~. 

6. In the epicycloid jp® = 


(102.) Chord of Curvature . — The portion of the radius 
(Vector, produced if neccssaiy, intercepted by the circle of 
cunatnre, is called the chord of curvature. As this chord 
evidently subtends an angle, at the centre of the circle, eqnal 
to 2P, its value is 

Chord of Curvature = 2p8in P = 

r (ip 

Erampie 1.— In the lemniscatc r* = a® cos 2^, the chord of 
2 

curvature ^ 

ExampU 2.—In the cardioid r = a(l - cosd), the chord of 

curvature = ? e. 

3 

(103.) Evoiute and /»w»/We.~The radius of cim store 
coincides with the normal and touches the evohUe, art. (79). 

~ ^ 11* />, = O K be the radius vector and fjerpendicular 
on the tangent which belong to the evoluie at the point of 
contact. By referring to the figure, page M8, it will be seen 
that and p, constitute a rectangle U O K P wiUi the tangent 
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and normal to the curre ; also that 0K*=HP*s3:0P*— OH* 
and OR* = BK* -f OK*, that is 


= r* — />*, 
r,®= (p— p)* 4-;?,* 

= (p~;»)® + r*-p» 
= p* — 2/>p 4- r*. 


rdr 

The value of p = being previously determined, we am 

usually by means of these two equations and the equation of 
the curve /(r, p) — 0, eliminate r and p, and so obtain the 
equation of the evolute in and p,. 

Example 1. — The evolute to the logarithmic spiral = mr 
is a similar logarithmic spiral p^ = mr,. 

Example 2. — The evolute to the epicycloid jp* = 

C* — 


is another epicycloid j9 * = 


-a — fl'a 


(104.) Tlie value of the radius of curv'ature may be simply 
deduced from the equation 

r; = - 2pp 4- r*. 

Since, when we proceed to a consecutive jwint in the ciurve, 
OH = r, and PR = p, which have reference to the pole O and 
the intersection U of consecutive normals, do not change, we 
may differentiate with respect to r and p only, which gives 


— 2pdp 4- 2rdr = 0, 


p = 


rdr 


(105.) Let p 1m? the ra<liu8 vector and perfiendicnlar on 
the tangent which belong to an involute of the curve. As the 
anrve is its evolute, we have from the foregoing equations, 

substituting for p', 
dp 


p*:=zr'^^ p'* 



)• 


-b r'* -p'». 
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The Ttloe* of j» and r given Uy these equations being 
hsubsttiuted in the equadon of the curve, we shall find an 
equadoo invcdviog r^, p' and their differentials. If it can be 
integrated, the equadon of the involutes of the curve will 
thence be found. 

(106.) \^lth respect to the evolutc, let p, be the radius 
of curvature at the point R, the element of the arc, and 
the inclination of the tangent UP witli the polar axis. Then 

w, s » + ^ and dp \ 

ds 


_ ^ ^ _ d*a 

dft), dt» 


the ilifTereiitiations being with respect to « as the independent 
variable. 

• These formuhe arc useful if a or p can be expressed as a 
function of oi, or when a cur%e can be reduced to an equation 
of the form F(a, ») = 0, or/ (/>, ») = 0. Thus in the example 
of the cycloid, page 124, we have 


.=*= V-. 


2a 


p =r 2v/2a(2a~4') = 4fl8in«; 

p,^~ =4aco8«a= — 4a8in» ; 
(La 


and the two equations p = 4 a sin w, and p, = — 4 a sin 
which determine the respective curves, show that the evolute 
to the cycloid is an equal cycloid placed in an inverted 
[Kisidon. 

(107.) Positiotu of Convexity and Points of Inflexion.-^ 
When p is constant or dp = 0, the curve becomes a straight 


* It may here he suggested that a carve may be determined by an 
equatkiii between any two, or more, of the quantities r, 9,p, m, p, s, and 
that in particolar cases the investigation of the properties of a carve may 
be greatly simjdificd by an appropriate aelecUon of vahablei. 
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line and therefore has no oonTexity. On examining the 
diagram it is evident that if a cnrve is concave towards the 
pole, r and p will either both increase or both decrease, and 

therefore ^ will be positive ; and if the curve is convex 
dr 

towards the pole, r and p will one of them decrease when the 

other increases, so that ^ will be negative. 
dr 

Hence, we have this rule : If 

^ is / curve is / 1 towards the pole. 

dr I negative / \ convex / 

When changes sign by passing through 0 or i the 
dr 0 

direction of curvature will become reversed, and this will 
indicate a ]K)int of tnjfexion. 

( 1 08.) Ijociia of the point where the perpendicular meets the 
tangent. — Let it lie re<juircd to find the equation to the curve 
which is (he locus of the point H, where the perpendicular 
from the pole intersects the tangent. Denote the radius 
vector Oil of this curve by r,,, and the corresponding fwlar 
angle and perpendicular upon the tangent bv 6^ and p ,. Then 
we shall have p = and, Hince O II is perpendicular to PII, 
the angle between two c<insccntivc {>ositions of OH will be 
equal to that between corresponding positions of the tangent 
Pll ; that is, </«. But, art. (101), 

. _ dp ___ dr,, 


and, art. (96), 


de = ; 


Hence, if the polar equation to the given curve be /*( jo^ r) 
K 0, that of the locus of H will be/^r,,, = 0, bang ob- 
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r ‘ 

Uincd by simply substituting the values ii = 
given equation. 

Excmple 1. — In the case of the logarithmic spiral, the locus 
of the point II is an equal and similar logarithmic spiral. 

JSrampfe 2.— In the case of the rectangular hyperbola, the 
locus is a lemniscate. 


The preceding articles present a complete digest of the 
most useful formulae which relate to curves referred to polar 
coordinates, anti by them we are enabled to trace and discuss 
all the peculiarities and properties of curves from their polar 
etjUAtiona. 

(109.) For convenience of reference, we shall here collect 
together the equations of the principal known curves ; and we 
shall tlien conclude with some general th(*orcm8, which have 
l>ren deferred for insertion at the end of the volume. 


1. Tlie Parabola ; referreti to iti vertex and axii, y® » imx; the focus 

2m , 

bring the pole, the polar t'quation i* r ■» — P *• ”*r. 

2. The EUipte ; referred to iti centre and principal axes, the equation 

j-J y2 

»• *T + ^ ^ centre is the pole, the polar equation is 

«' o* 

( 1 — r® \ 


o(l-r=') 

~ , or p > 
1 4- rcosS 


, where « -■ 




5. The Hyperbola. — Referred to its centre and principal axes, the 

g» y* 

eqoatioii is — — ^ 1 • when the centre U the pole, r* • o’j 

sod when the focus is the pole, r ■* ^ or p •• b 

14- ecosS 

where # — ~ • The bvpcrboU has two asymptotes. 

4. The EqnUaierai Hyperbola^ when referred to its asymptotes, has for its 

flS tp 

sqoatkm 2jry •* a*i and the polar equation is r* « — ,orp •• « 


V 27^' 
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5. Tbe Cjft^oid , — Referred to itt Tertex and axu, the equation it 

y — ^(2ax—a^ + even~'5, 
a 

whkb may be otherwiac stated x ■» a(l— co*^), y « a(^ + tin^). 

6. The Catenary. — Referred to a point at the distance e below the 
lowest point of the cur\’e, with the axis of x horizontal ; its equation is 

» g 

y + e and the radius of cunrature p — equal to the 

normal, but drawn in the opposite direction. 

jr 

7. The Logarithmic Curve . — Its equation is y <» ce**; the subtangent 
■» a is constant, and the negative axis of x is an asymptote. 


8. The Citioid of Diodes. — Its equation is y^ ' 


- ; the origin is a 


cusp of the first kind, and the curve has evidently an asymptote perpen- 
dicular to the axis of x at the distance x 2 a. 

9. The Conchoid of Nicomedoi. — Its equation isjry "(o^— +y)J. 
the axis of y contains a double point, and the axis of x is an asymptote. 

10. The Lemniicaie of Bernoulli. — Its form resembles the symbol ce , 
and, referred to its centre or double point, the equation is 

(jr® + y^)* “ — y^); or r* «« a* cos 20, or p « 

a* 

11. The Witch of Agnesi. — Referred to its vertex, the equation is 

u -fLfl • it hu inflexions at the points x = y »* ■»• ^n 

^ a-x 4 ' - ^3 

asymptote perpendicular to the axis at the distance x » a. 

12. The Spiral of Archimedes. — The polar equation is 

r a e, or p ^ 

+ r*) 

13. The Heciprocal Spiral . — Us polar equation is 

a or 

14. The Logarithmic ^irai — Its polar equation is r »• o0; or/» *» mr; 
the curve intersects iu radius vector at a constant angle P ; and its evolute 
and involute are spirals equal to the original one. 

15. The Cardioid . — Us polar equation i8r*»o(l — co8 0)orr*-t 2ap^; 
the origin is a cusp of the first kind, and its evolute is another cardioid ; 
also tbe lines drawn through the pole, and intercepted by the curve, are 
all of the same length 2a. 

16. Quadratrix of Dinostratus.— Its equation is y ■» ir taa 
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und H bt> tn infinite number of asymptotes perpendicnlar to the axis 
2a 

of VlTien jr*»0, y»«0 x«>»» — 

17. QmadrtUrix of Tschimhausen. — It* equation is y •« asin and it 

has inflexions at the point* where y ««» 0. 

18- Comptmitm to the Cycloid: x »* o(l --cos<^>), y »■ a^, 

19. TVoekoid; x «• «(1 — « co*^), y =® «(f — »«in^). 

( O ^ ^ \ 

— 

y an (a + 6)gin^— Asln 

21. When h => this becomes the Epicycloid and when also a ■■ A, it 
becomes the Cardioid. 


22. Hypotrockoid x »• (« — A)cos0 -f <p, 

y ■» (o— A)sin A sin 

o 

23. When A »» A, this becomes the Hypocycloid ; when A « it gives 
+ y^ a» ; and when A »» ?, it becomes an EUipee. 

o* 

24. The Lituui. — Its polar equation isr*— —• 


Euhr 9 Tkeorema on JIomogeneouM Functions. 

(110.) If « =/(x, y, r, &c.) be a bomof^encous function of 
M dimensions and of any number of variables ; then 


: nu, 




= «(« — 1)b, 




+ +3x®y 




-f- &c. 


&c. 


&c. 


= »(« — !) (*-- 2 ) 11 , 

&c. 
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Since the function u is homogeneous and n is the sum of 
the exponents of the variables in each term, if for x, y, r, &c. 
there be substituted (1 + a)x, (I -f a)y, (1 -f a)x, &c. it is 
evident that the value of u will become ( 1 -f- a)"u ; that is 

(1 -f = /{x 4- aX» y -f- ay, t + aZy &C.) 

The first of these being expanded by the binomial theorem, 
and the second by the formula of art. (47), by equating the 
coefficients of the like powers of the arbitrary quantity a, we 
obtain the elegant relations stated in the theorems. 


Laplace^s Theorem, 

(111.) If y = f{z -f ■*■</> y), in which y is an implicit func> 
tion of two variables x and z depending on the forms of the 
functions characterized by / and ; then the development of 
any other function Fy may be obtained from the following 
general theorem : 


d.?fz 


X d jd,¥fz 


F, = rA+ + 


dz 




dz^- 


+ 

_ 1 I + 4c. 


By considering u = Fy as a function of x its expansion in 
powers of x, art. (46), is 


u 


«0 + 


1 \dx)Q 1.2 \rfx*/o ^ 1.2.3 Vdjt Vo 


+ 


&c. . . (a) 


where the values of and the differential coe6Scienta, as 
indicated^ are to be taken when x = 0. For the investigation 
of the proposed theorem it will therefore only be requisite to 
determine the values of these coefiicients. Let 


/3 = s + Jr^y; 
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tlicn y =/(^ By differentiating first with 

respect to jr and then with respect to r, we have 




rfjr 1 — * 



£/r 1 — x<f>'y * 



This equation l)einp; independent of the form of the function 
y must evidently he true if y be replaced by any function 
of ^ or by any function of y. Substituting therefore u = Fy, 
we get 


du 

dx 





Again, since u is a function of y, which is a function of two 
variables x and x, we have, art. (37) and tliis equation (1), 

dx^ 


</x djs^ dx dz^ I cfx / 


dx^ dxdx 


&c. 


Ac. 


&c. 


. . (3). 


d </*•“* du((f>y)’*~^ (0y)"~* 

dx* dxdz*''^ dz dx 


d"-* fdu 


' </x ‘ Idz 




In deducing the values of the differential coefficients when 
X = 0 we may obviously make x = 0 before differentiating ; 
that is, we may at once use = Fy^ = F/x, and <^yQ= tf)/g. 
Thus we find» 



160 


THE DIFFERENTIAL CALCDLVt. 


«*o=fyr. 

&c. &c. 

Vf<!r”/o (/*"-> I rfr '''<’■'> j’ 
and by substituting these values in 

X /du\ x^ / d^u\ X* /d^u\ , „ 

“ “ I (s/o'*' K2 1-2.3 (St*),''" 

we obtain the theorem stated. 


Lagrange's Theorem, 

(112.) If y = r + x^y, where <^y denotes a given func- 
tion ; then the development of another function Fy in ascend- 
ing powers of x will be 


„ _ d.Ye.. .X d f d .Fz .2 \ 

Fy = F. + T + 7, i - rfr } T1 


(P fd. Ft 
ds* I dt 


(^r)i 


}t£ 


This is a case of Laplace's more general theorem, from 
which it immediately follows on makmg /x = r ; and when 
<f>g =1, it becomes Taylor's theorem. 


Pnater, lUnt’* HmS Cwut, Ooo^ Bqon*. 













